NAMAES W H NG Chinese Journal of Applied Probability
F=H 20104FE6 H and Statistics Vol.26 No.3 Jun. 2010

Optimal Ranked Set Sampling Design for the Sign Test
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Abstract

The sign test based on ranked set sampling is proposed for testing hypotheses concerning
the quantiles of a population characteristic. Both balance and selective designs are considered and
the relative performance of different designs is assessed in terms of Pitman’s asymptotic relative
efficiency. For each quantile, the sampling allocation that maximizes the efficacy of sign statistic is
identified and shown to not depend on the population distribution.
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§1. Introduction

Ranked set sampling (RSS) is a sampling protocol to improve the cost efficiency of
an experiment. It is appropriate for situations in which quantification of sampling units
is costly or difficult but ranking of the units in a small set is easy and inexpensive.

For an integer ¢t € {1,--- ,m}, let D = {dy,--- ,d;} be a set of integers that contains
the ranks of the observation to be quantified in each cycle. For example, if D = {1,3,5}
and the set size is m, we would quantify two extreme and one middle observations in each
cycle. Note that, for ¢t € {1,---,m}, D = {dy,--- ,d;} is arbitrary to allow all possible
designs. The set D will be called a selective design. The design is said to balance (or
the standard ranked set sampling) design when D = {1,2,--- ,m}. To collect data with
design D = {dy,--- ,d;}, we draw mt units from an infinite population. These units are
partitioned into ¢ sets each having m units. Each set is judgment ranked without actually
measuring the units. The observation with judgment rank d; is quantified from the first
set, the observation with judgment rank ds is quantified from the second set and so forth
until the observation with judgment rank d; is quantified from the final set. The process
is repeated n times (called cycles) to have nt quantified observations. Thus, our ranked

set sample with design D = {dy,--- ,di} is X(q,);, i =1,--- ,tand j =1,--- ,n.
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Although RSS was first introduced in the context of estimating the population mean
(see Takahasi and Wakimoto (1968)), it is also very natural for nonparametric methods
where order statistics plays a fundamental role. The sign test for median, one of the fun-
damental methods in nonparametric, has been studied for analyzing RSS data by a few
authors (See Bohn and Wolfe (1992), Hettmansperger (1995), Ozturk and Wolfe (2000),
Wang and Zhu (2005)). This paper extends these results to the RSS sign test for pop-
ulation quantiles and identifies the optimal design which maximizes the efficacy of sign
statistic, we find that optimal sampling depends on the quantile but not on the parent
population. Quantile testing has frequent application in environmental assessment. For
instance, testing may make safety decisions at a hazardous waste site if an upper quantile
(say the 95th percentile) is less than safe level prescribed by regulation. In Section 2, we
discuss the RSS sign test for quantiles under selective designs. In Section 3, we compare
the performance of the sign test under selective design with that under balance design.

Section 4 gives the optimal design for the sign test.

§2. Testing Quantiles under Selective Designs

Let &, be the pth quantile of infinite population having cumulative distribution func-
tion (cdf) G(x) and probability density function (pdf) g(x). Thus, we have G(&,) = p.
The null hypothesis asserts that &, is equal to some known constant, but, without loss of
generality, we may take that constant to equal zero. Thus, we want to test Hy : {, = 0
against either a one-sided or a two-sided alternative. Let us write G(z) = F(x — &)
where F'(t) is a distribution function whose pth quantile is zero. For p = 0.5, this scenario
reduces to a test of the median.

Let X4, ¢ =1,---,t and j = 1,--- ,n be a ranked set sample with design D =
{di,---,di}. We assume perfect ranking, so that X(4,); is the jth observation on d;th
order statistic of G. The distribution of X4,);, which depends on the rank order d; but
not on j, has its pdf and cdf given by (see Mao et al (1998), Fang et al (2006))

1

900(®) = g Ty GO - @I g(a), (2.1)
(" B(G(z);di,m+1—d;)
Gay(e) = | ottt = i, (2.2)
. _ “ a—1/1 _ ,\b—1
where B(u;a,b) = / v (1 —y)’ dy.
Note that X (di)?7 for j =1,2,--- ,n, are independent of each other because they are

selected from independent ranked set. The sign test statistic based on data from design
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D is . .
= 2 2 I(Xay; > 0) = 2 iy
1=1)= 1=

where 7; = X%I(X(di)j > 0) ~ binomial(n, 1 — G(g,)(0)).
J:

The mean and variance of Sg are

E(S5) = 32 nll -~ Glay O], 23)
Var (85) = 3 nGay (O)[1 - Giay(0)] = 35, (2.4)
where 52D =t—1 Z[ ( ) — ] Z Dgy,q with Dy, = 4G(d )(0)[ G(dl)(O)]

Under the null hypothebls for sm1phc1ty we write Dy, 4 as Dy, thus

Dy, = 4F(q;)(0)[1 — Fig,)(0)]. (2.5)

As a special case, when D = {1,2,--- ,m} the test statistic under balance design will

be denoted by

RSS_Z ZI( ’L)j>0)7

i=1j5=1

having the mean and variance as

E(SP—{’—SS) = nm(l - G(O>)7 Var (SRSS> 612%7

where 6%, = m —4 Y [G(;(0) — 0.5]%.
i=1
Under the null hypothesis, £, = 0 and G(0) = F(0) = p. Thus from (2.1) and (2.2)

we have

~ B(Li ml+ 1—- z‘)pH(l = )" f(0) = Cif(0), (2.6)

_ B(pyi,m+1—i)
- B(L;i,m+1—1)’

where A A
pz—l (1 _ p)m—z

C; = .
" B(Lyi,m+1—1)

(2.8)

Since SB is a sum of binomial random variables with different parameters, its exact
distribution does not have a simple closed from, except in very special case. However,
the null distribution does not require the knowledge of the population distribution, im-
plying that the test is distribution-free. The following theorem establishes the asymptotic

normality of 5‘5.
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Theorem 2.1 For fixed m and n — 400, the test statistic has an asymptotic

normal distribution

V25 — E(SB)] — N(0,6h/4).

Proof The result follows immediately by using the independence of n; for ¢ =

1,2,--- .t and the central limit theorem. O

The above theorem allows one to carry out an asymptotically size test. With a two-
sided alternative, for example, one would reject Hy : &, = 0 in favor of Hy : §, # 0 when
1S5, — Enmo(SH)| > (1/2) - /nU, /2 where Uqa 2 is the (1 — a/2)th upper percentile of the

standard normal distribution.

§3. Relative Efficient

In this section, we compare the performance of the test under selective design with
that under balance design using the criterion of Pitman’s asymptotic relative efficiency
(ARE).

Pitman’s ARE of SE versus SEJ{FSS is defined as

off (5)

the efficacy eff (T') of a test statistic T is given by

u 2

where u/(T") = OE(T')/0¢,.
By using (2.3), (2.4) and noting that G(0) = F(—¢,) and g(0) = f(—¢p), the efficacy

based on data from selective and balance are obtained as

4f2(0)<§31 Ci)’

eff (1) = , 3.3
S5 = —p T (33
4m f3(0)
eff (Sgss) = Rl (3.4)
RIHo
Similarly, the efficacy of the simple random sample (SRS) sign test is
f2(0)
eff (Sdpg) = ————~ (3.5)

p(1—p)



= SRR B HIRDT: FF SRR iR A 229

On substituting (3.3) and (3.4) in (3.1), further simplification yields

(50a)

ARE(S}, Sisg) = ——0%
mt Z Ddi
1=1

Hoy

Comparing balance design with simple random sampling, we see that

n
ARE(Sis, Sin) = Srois) = msz?l = 1

Table 1 The asymptotic relative efficiencies of S?{SS versus SS+RS

p=005 p=010 p=020 p=050 p=080 p=090 p=0.95
m =2 1.05 1.10 1.19 1.33 1.19 1.10 1.05
m=3 1.10 1.20 1.37 1.60 1.37 1.20 1.10
m=4 1.15 1.29 1.53 1.83 1.53 1.29 1.15
m 1.20 1.38 1.68 2.03 1.68 1.38 1.20
m=_8 1.34 1.64 2.08 2.55 2.08 1.64 1.34
m =10 1.43 1.80 2.31 2.84 2.31 1.80 1.43
m =20 1.85 2.45 3.21 3.99 3.21 2.45 1.85

For a give quantile, Table 1 compares the asymptotic relative efficiencies of balance
ranked set sample with simple random sample. It is observed that balance allocated ranked
set sampling is more efficient than simple random sampling for all quantiles. The relative
advantage of RSS is greatest at the median and tapers off in the tails. Increasing set-size m
further enhances the performance of RSS. These findings suggest that a suitable selective
allocation may further enhance the performance of RSS and make it more attractive for

tests on the more extreme quantiles.

84. Determination of the Optimal Design

We want to find the design D that maximizes ARE. Since 6%/m is independent of D,
the only factor of ARE(SE, SI'{SS) that depends upon D is

(o) (5(%)

DLEACS

=1t

h(dy, -+ di) =

To obtain the optimal design, we state the following lemma (See Kaur and Patil (2002)).
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m 2 /m
Lemma 4.1 Let j be fixed. If C2/D; > C2/D; for alli, then ( Y- piCi) /3 piDDi
=1 i=1
ZC’?/Di2 forall S pi=1,p>0,i=1,--- ,m.
i=1

The above lemma implies that the maximum of h(dy,- - ,d;) occurs at vertex of the
simplex. Thus, the search of the optimum is narrowed down to examination of the m
possible corner solutions. The question, then, is which rank order ¢ maximizes CZ-2 /D; or,
equivalently, minimizes D;/C? for fixed p € (0,1). Using (2.5), (2.6), (2.7) and (2.8), we

obtain

O R e O =0 R

let us define
e = [ (8T ) [ ()T G s

Lemma 4.2 For fixed p, h(z,p) is a convex function which has a unique minimum

value.

In light of the above Lemma, one of the following must hold:

e h(i,p) is increasing, in which case the smallest rank-order, i = 1, minimizes the

function.

e h(i,p) is decreasing, in which case the largest rank-order, i = m, minimizes the

function.

e h(i,p) is first decreasing and then increasing. Here, the minimum is attained at the

first value of i for which h(i,p) < h(i + 1, p).

We have established the existence of an essentially unique rank-order that minimizes
D,/ Cf. The only possible non-uniqueness occur when h(i, p) is equal for two consecutive
values of 7. This optimal rank-order depends upon the value of p.

To actually locate the minimum, we go back to previous results and recall D;/ C’Z? =
4F;(0)[1 — F(;)(0)]/C?. For simplification of notation, we write F; = F{;)(0). Using the
relationship between the incomplete beta function and cumulative binomial probabilities,

we can write (2.7) as

E:b0+b1+"'+bi—17 i:1727"'7m7
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where b; = [m!/(i!(m — i)!)] - p*(1 — p)™ ¢ are the binomial probabilities. The same ap-
proach can be used to get the optimal design in terms of p for other values of m. Mathe-
matically, this entails finding the roots of polynomials. For ith rank-order to be optimal,
we need (i — 1)th rank-order to be non-optimal and

FEQ-F) _ Fia(l = Fiy)

2 — 2
Ci Ci-i—l

or 0 S CZ2F1+1(1 - Fi+1) - C2+1E(1 - Fl)

1
Since C; = ib;/p and C;11 = (m — 1)b; /(1 — p), the above condition simplifies to
0 < 21— pPFiar(1 - Fipr) — p2(m — 1)?E(1 — ).

We have used to M athematica determine the roots of the above series of polynomials.
The results are summarized in Table 2. As a rough approximation, the ith rank-order is
optimal for p in the range of ((¢ — 1)/m,i/m). It appears that the optimal rank-order is

a monotone increasing (step) function of the quantile(p) under test.

Table 2 Range of values of p over which the rank-order i* is optimal for given m

it =1 =2 *=3 =4 i*=5

m =2 [0,0.50] [0.50,1.0]

m=3 0,0.31] (0.31,0.69]  [0.69,1.0]

m=4 [0,0.22] [0.22,0.50]  [0.50,0.78]  [0.78,1.0]

m=>5 0,0.17] (0.17,0.39]  [0.39,0.61]  [0.61,0.82]  [0.82,1.0]

m=6 [0,0.14] (0.14,0.31]  [0.31,0.50]  [0.50,0.68]  [0.68,0.86]

m="7 0,0.12] 0.12,0.27]  [0.27,0.42]  [0.42,0.58]  [0.58,0.73]

m =8 [0,0.10] (0.10,0.23]  [0.23,0.36]  [0.36,0.50]  [0.50,0.63]

m=9 [0,0.09] (0.09,0.21]  [0.21,0.32]  [0.32,0.44]  [0.44,0.56]

m = 10 [0,0.08] (0.08,0.18]  [0.18,0.29]  [0.29,0.39]  [0.39,0.50]
=6 * =7 i* =8 =9 i =10

m=6 [0.86,1.0]

m = 0.73,0.88]  [0.88,1.0]

m = 0.63,0.77]  [0.77,0.90] 0.90,10]

m=9 | [0.56,0.68  [0.68,0.79]  [0.79,0.91]  [0.91,1.0]

m=10 | [0.50,0.61]  [0.61,0.71]  [0.71,0.81]  [0.81,0.92]  [0.92,1.0]

For given m and p, let ¢* be the optimal rank-order on which all quantifications are

to be made. The test statistic under optimal protocol for the p quantile simplifies to

Soot = ZII(X(i*)j > 0),
J:
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and its exact distribution is seen to be
St ~ binomial(n, 1 — G(;+(0)).
Further, E(Sngt) =n[l — G(+)(0)] and Var (S;;t) = nG+)(0)[1 — G+ (0)].
From the definition (3.2), the efficacy of S;En is
9%(0)
H(550) = Gy Ol — Gy O] 1 1)

By using (2.6), (2.7), (3.5) and (4.1), we have

eff(S+t)
ARE(S5y, Sdrs) = o
pt SRS eﬁ'(Séi-RS)

p2i*71(1 o p)2m72i*+1

B(p;i*,m +1—1i*)[B(1;3*,m + 1 —i*) — B(p;i*,m + 1 —i*)]

Table 3 The asymptotic relative efficiencies of Sjpt versus S;RS

p=0.05 p=010 p=020 p=050 p=080 p=090 p=0.95
m =2 1.95 1.89 1.78 1.33 1.78 1.89 1.95
m 2.85 2.69 2.36 2.25 2.36 2.69 2.85
m=4 3.70 3.39 2.78 2.62 2.78 3.39 3.70
m 4.50 4.01 3.46 3.52 3.46 4.01 4.50
m =8 6.64 5.37 5.52 5.17 5.52 5.37 6.64
m =10 7.85 6.95 6.68 6.45 6.68 6.95 7.85
m = 20 13.92 13.39 13.07 12.82 13.07 13.39 13.92

For a give quantile, Table 3 gives the asymptotic relative efficiencies of the sign test

under optimal ranked set sample with that under the simple random sample. The per-

formance of optimal design improves as p moves away from 0.5, and as the set-size, m,

increases. As observed from Table 3, The relative advantage of optimal design is quite

high for testing the more extreme quantiles.
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