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Abstract

By adopting the martingale technique, we derive deviation inequalities for Lipschitz functions
of general jump-diffusion processes. Our results extend related works for pure jump Lévy processes
under Cramér’s like assumption, while our approach is considerably efficient for the situation that
Lévy measure does not have finite exponential moments.
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§1. Introduction and Main Results

The object of this paper is a jump-diffusion process on R?, which is determined by
the following SDE:

X, = (X, )dt + o (X, )dIW; + / o(Xo_, 2)i(dz, db), (1.1)

where b : RY — R?, ¢ : R4 — R4 ¢: R x R* — R?, W, is a d-dimensional Brownian
motion, and fi(dz, dt) = u(dz,dt)—v(dz)dt is a compensated Poisson measure on R\ {0} x
R, ; namely, ;(dz, dt) is a Poisson point measure on R4\ {0} x R, with intensity measure
v(dz)dt. In the literature, e.g. see [1], v is referred to a Lévy measure.

Deviation inequalities are of great importance in the probability theory and its ap-
plications. During recent years deviation inequalities for jump processes have received a
lot of attention. For instance, based on the covariance representation of Lévy processes,
deviation inequalities for pure Lévy jump processes were obtained in [4, Theorem 1] under
exponential moments condition on the corresponding Lévy measure; while [12, Proposition
3.4] used the martingale technique to get similar conclusions, and this approach further
was employed to study Poisson-type deviation inequalities for continuous-time Markov

chains with finite range in [6]. Deviation inequalities for jump-diffusion processes have
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been investigated in [8, Section 4.2], where coefficients in the associated SDE (1.1) are
continuously differentiable and satisfy the dissipative condition, while the Lévy measure
also fulfills a Cramér’s like assumption.

The purpose of this paper is to study general deviation inequalities for jump-diffusion
processes given by (1.1). Our results extend these of pure jump Lévy processes in [4,
Theorem 1] and [12, Proposition 3.4], and also cover [8, Theorem 2.2 (2)] for jump-diffusion
processes. The main idea, different from the approach in [8], is quite elementary. It is
based on the martingale technique developed in [12] and the It6 formula for Lévy type
stochastic integral, e.g. see [1, Theorem 4.4.7]. Note that, the semigroup corresponding
to Lévy processes is a convolution operator, so it preserves the set of bounded Lipschitz
continuous functions. However, in general such characterization does not hold for jump-
diffusion processes. Here, we adopt the coupling approach in recent paper [13] to study
the Lipschitz property of semigroups associated with the SDE (1.1).

We always assume the following conditions on the coefficients in the SDE (1.1):

(H1) The coefficients o5, b;, and c(+,§) for any fixed & € R¢ are continuous on RY,
and for all z € RY, /c(x, 2)?v(dz) < oo.

(H2) There exists a constant C' € R such that for all z, y € R,
lo(z) = a(y)II” +2(b(x) = b(y),x — y) + / ez, 2) = c(y, 2)Pv(dz) < 20|z —y|*, (1.2)

where for matrix A € R¥®4 || A| = tr(AA*), and A* is the transpose of A.

Theorem 1.1  Let (X¢)¢>0 be the jump-diffusion process given by (1.1), and define
a(z) = o(z)o(x)* for x € R Then, we have the following two statements.
(1) Suppose that for every = € R?
d
Ax) = sup > aij(x)0i < Ay,
0:10;5|<1 and 0;;=0;;, 1<i,j<d 4,j=1
and there exist a non-negative Borel-measurable function ¢(z) and a positive constant A

such that |c(z, 2)| < ¢(2) for every z, z € R,
B(A) = / () —1 = Ae(2))v(dz) < oo. (1.3)
Then for any f € Lip,(R?) with CLip(f) =1,0 <k < A1 Ae ) and t > 0,

E” expli( (X)) — /(X)) < exp | /O h(t,s,x)ds]. (1.4)

where |
h(t,s, k) = 70,{2620@_5) + B(mca_s))‘
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In particular, for any f € Lip(R%) with Crip(f)=1and r,t >0,

t
P B S| =) < ik e [—wrt [Chesmas (05)

(2) Assume that for every » € R,

d
Ax) = sup > aij(x)0i < Ao,
6:10;31<1 and 0;;=0;;,1<i,j<d i,j=1

and
/C(JZ,Z)ZI/(dZ) < Cp. (1.6)
Then for any f € Lip,(R?) with Cri,(f) =1 and ¢ > 0,

Ag + Co) (2 — 1)
2C ’

B (£(X)) — E°f(X0)? < |

In particular, for any f € Lip(R?) with Crip(f) =1 and r, t > 0,

(A() + Co)((EQCt — 1)
2C7r?

PP(1f(Xe) — B f(Xp)[ = 1) <

Let us make some comments on Theorem 1.1. First, according to Proposition 2.1
below, condition (1.2) ensures that the semigroup (P;);>o of the SDE (1.1) maps Lip,(R¢)
into itself; moveover, for every ¢t > 0 and f € Lipy(R?), CLip(P:f) < eCtCLip( f), where
Chip(f) is denoted by the Lipschitz constant of the Lipschitz continuous function f. Sec-
ond, for pure Lévy jump process; that is, in the SDE (1.1), b(z) = by, o(z) = 0 and
c(z,z) = z for every x, z € R%, Theorem 1.1 (1) is reduced into [12, Proposition 3.4]. The
readers can refer to [4, Pages 1224-1225] for the optimality of Theorem 1.1 (1) for Poisson
processes. Third, to derive the deviation inequality (1.5) the essential point is Cramér’s
like condition (1.3). Tt follows, from the condition |c¢(, )| < ¢(2) for every z, z € RY and
the inequality e — 1 — s > s2/2 for s > 0, that (1.3) implies (1.6). The statement (2)
shows that our technique yields the deviation inequality for jump-diffusion processes with
power low form, freeing us from the exponential moments condition (1.3).

The remainder of this paper is organized as follows. In Section 2, we point out
the statement that, (1.2) implies the semigroup corresponding to the SDE (1.1) maps
Lip,(R?) into itself. Section 3 is devoted to the proof of Theorem 1.1, which is based on

the martingale technique.
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§2. Preliminaries and Lipschitz Property

First, it is easy to check that under assumptions (H1) and (H2), there exists a constant

C1 > 0 such that for any = € R¢,
lo ()] + (b(x), x) + / ez, 2)[Pv(dz) < Cr(1+ [f).

Therefore, according to the arguments of the existence and the pathwise uniqueness of
strong solution to equation (1.1), cf. [1, Chapter 6, Theorems 6.2.3 and 6.2.11] or [11,
Chapter 3, Theorems 117 and 118], we know the SDE (1.1) has the pathwise uniquely and
nonexplosive strong solution. We denote this solution by X = (X;)>o.

On the other hand, let (P;);>0 be a Markov semigroup, which maps Lip,(R?) into
itself; that is, for any f € Lipy(R%) and t > 0, P;f € Lip,(R%). We are interested in the
rate function defined by

CLip (P,
g(t):= sup M, t > 0.

feLipy(RY) CLip(f)
By the property of Markov semigroups, g(t + s) < g(t)g(s) for any s,t > 0. Noting that
g(0) = 1, it is easy to claim, cf. see the proof of [2, Theorem 1.4], that g(t) < e®! for
t > 0, where

1 t 1 t
co = lim 1289®) _ , lo89(®)
t—0 1 t>0 3

The next assertion follows from the proofs of [13, Theorem 2.2] and [8, Lemma 3.3].

Proposition 2.1  Let (X¢);>0 be the unique jump-diffusion process given by (1.1),
and (P;)¢>0 be its Markov semigroup. If (1.2) holds, then for any f € Lip,(R?) and t > 0,

Pif € Lipy(R?) and ~ sup  CLip(P:f)/CLip(f) < .
f€Lipy(R)

Condition (1.2) indicates that the coefficients in the SDE (1.1) are Lipschitz contin-
uous. In particular, when C' < 0, it is nothing else but the dissipative condition, see [8,
(1.2)]. Therefore, Proposition 2.1 shows that the Lipschitz continuity of the coefficients in
the SDE (1.1) implies the exponential growth of the Lipschitz constant corresponding to
its semigroups on Lip,(RY). According to [6, Definition 2.1], (1.2) is equivalent to saying
that the Wasserstein curvature of (X¢):>o is bounded below by —C. The Wasserstein cur-
vature is related to the ergodicity of the process (X;)¢>0. The readers are urged to see [2,
Theorem 5.23] and [7, Theorem 2.4] for more details. It is well known that the semigroup
(P;)t>0 corresponding to Lévy processes is a convolution operator, and it preserves the

Lipschitz constant, i.e. g(t) = 1 for all ¢ > 0. In this case, since the coefficients in Lévy
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processes are constants, (1.2) holds with C' = 0, which indicates that Proposition 2.1 is
optimal.

We close this section with the sketch of the proof of Proposition 2.1.

Sketch of the Proof of Proposition 2.1  Let (X]);>0 and (X} );>0 be jump-
diffusion processes given by (1.1) with starting points z, y € R?, respectively. Then, by
the It6 formula and the assumption (1.2), we have

dIX7 - XY = 20X - XJ,b(XE) — b(XP))de
+2(XE — XY o(XE) — o(XP)) AW + [lo(Xi) — o(XP)|dt
2 (X7 = XY e(X7 ) — XY 2)) e,
[ 1o 2) - et )Pl )
= 2AXT - XP0(XE) = (X)) At + [lo(XE) — o (XE)||*dt
[ 1o 2) - et o) Prldads
+2(XP — X! o(X]) —o(XY))dW,
+ [ U - XX 2) - XL 2)
+e(XP, 2) = e(XPL, 2)P) i(dz, dt)
2C|X¢E — X7 |?dt + dMy,

IN

where
dMy = 22X - X 0(X) — o(XL))dW;
s [ @ = X2 X7 2) el 2)
+e(X), 2) — e(X], z)\Q)ﬁ(dz, dt)

is a local martingale. It follows from the integral and differential inequality in [3, Lemma
A1 and Corollary A.2] that

EIXF — XV|? <Xtz —y)?, t>0.

In particular,
EIXT — X! <Mz —yl, t>0. (2.1)

Recall that, for any two probability measures P; and P,, the Wasserstein metric

between P; and P, with respect to the metric function p is given by

W,(Pr P2 i=int [ pla,y)Plds,dy),
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where the infimum is taken over all probability measures P on R?¢ with marginal distri-

butions P; and P». It is known that, cf. see [2, Theorem 5.10],
WP P =sup{ [ fAP = [ £y £ € Lipy (8, Cup, (1) <1} (22)

where Lip;, p(]Rd) is denoted by the set of bounded Lipschitz continuous functions with
respect to the metric p, and Crip ,(f) is the corresponding Lipschitz constant of f €
Lipy, ,(R7).

Taking p(z,y) = |z — y|, (2.1) implies that

W (Py(x,), Pi(y, ) < ez —yl,

which along with (2.2) yield the required assertion. O

83. Proof of Theorem 1.1

We will derive deviation inequalities for the jump diffusion process (1.1). According
to different integrable conditions (1.3) and (1.6) on the Lévy measure v, we will split the
proof of Theorem 1.1 into two parts.

Proof of Theorem 1.1 (1) The proof is based on the martingale technique
developed in [12, Section 3]. The deviation inequality (1.5) restricted on Lip,(R%) follows
from (1.4) and the Chebyshev inequality. To remove the boundedness assumption, we
follow the standard approximation, cf. see the proof of [4, Theorem 1]. For any n > 1, let
fn where f,, = fif |[f| <n, fo =nif f >nand f, = —n if f < —n. Then, f, € Lip,(R%)
such that its Lipschitz constant at most Crp(f). The desired assertion follows by applying
Fatou’s lemma. Thus, to complete the proof it suffices to prove (1.4), and its argument is
divided into the following five steps.

(a) For t > 0 and f € Lip,(R%), set

F(s,x) = Pi_sf(z), reRY, 0<s<t.

Then, by Proposition 2.1, for any fixed s € [0,t], F(s,-) € Lip,(R?). Before moving further,
we apply to F(s,x) the mollification argument; that is, convolve it with p., e > 0, where
for z € RY, pe(x) = e p(e~'x) and p(z) = cexp[L/(|z|* — 1)]1{z)<1} (c is a normalizing
constant). For any & > 0, define F.(s,z) = (p. * F(s,-))(x) for all s € [0,] and 2 € R

Then, F. € CV*°(R, x R?%), and F.(s,z) pointwise converges to F(s,z) as ¢ tends to zero.
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(b) By using the Itd formula of Lévy type stochastic integral, cf. see [1, Theorem
4.4.7], for every t > 0,

F.(t,X;) = F.(0,Xp)+ tasFE(s,Xs)ds+/t<VxFE(s,Xs),b(X5)>d5
0 0
+/t(VmF5(s,XS),a(XS)dWS>
0
+;/0 |0(X o )* Vo Fe(s, Xo—)|*ds
—l—/ / (F(s, Xs— + c(Xs—, 2)) — Fe(s, Xs—)) i(dz, ds)
/ / (s, Xs— +c(Xs—,2)) — Fe(s, X5-)
—(VaFL(s, Xs-), c(Xs—, 2)))v(dz)ds.
Noticing that, for any s € (0,¢) and z € R,
OsF.(s,z) = — [(Vng(s,x),b(x» + %\a(aj)*vxFE(s,a;)|2

—i—/ (Fs(s,:r +c(x,2)) — Fo(s,x) — (Vo Fe(s,z), c(x, z)))u(dz)},

we arrive at

F.(t,X;) = Fg(O,XO)+/t<VxFa(s,XS_),U(XS_)dWS>
0

¢
+/ / (Fo(s, Xs— 4 ¢(Xs—, 2)) — Fe(s, Xs—)) i(dz, ds). (3.1)
0
That is, the process (ZJ’E)OSSQ defined by
Zg76 = Fs(sa Xs) - FE(07 XO)

is a real P*-martingale with respect to the truncated filtration (Fs)o<s<t-
(c) For any k > 0, also according to the It6 formula of Lévy type stochastic integral,
e.g. see [1, Chapter 5.2.2, (5.4), Page 288],

qerZls _ nzlt {H<V$Fg(t,Xt—)70<Xt—)th>
+/ (P X telXee )= Fa(6Xe)) 1) F(dz, d) + th,sdt]
=AM/ + 4 o=,
Here,
amls = i [vaps(t,Xt,),a(Xt,)dWQ

n / (P XX =P X)) _ 1) iz, )|
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and

2
/i *
cfs = 5 0( Xy )* Vo Fe(t, X )|

+/ (R X te(Xem 2) = F(0Xe-)) _

— k(Fe(t, Xo— + e(Xi—, 2)) — Fe(t, Xi—)))v(dz).

Note that, (Méf’s)ogsgt is a martingale with EI(MSf’E) = 0 for 0 < s < t. Furthermore,
due to the It6 product formula, e.g. see [1, Theorem 4.4.13] (also called the integration-
by-parts formula in the literature, e.g. see [9, Proposition 2.28, Page 129] or [10, Chapter
I1, Corollary 2]), one has

t
exp (Fath’E—/ Cg’ads>
0
t s fre t fre s
= 1—|—/ exp(—/ Cf}%u)de”ZS —|—/ e d(exp(—/ C{:’adu))
0 0 0 0
rzfe / fe t
+ [e ,exp(— i du)]
0 0
t s t s
= 1+/ eXp(—/ Cg’adu)dM!’e—l—/ C# exp <KZ£’6—/ C'{:’gdu>ds
0 0 0 0
t s
—C’f’a/ exp </£Z!’6—/ C{f’sdu>ds—i—0
0 0

t s
= 1+/ exp(/ C{f’adu>dMg’5
0 0

foe ' . . . .
for all ¢ > 0. Here, [e“z‘ , €Xp ( - / C{Z’Eduﬂ is the quadratic variation process associ-
0

ated with the processes 57" and exp ( — / C’{:’Edu>, which is equal to zero, cf. see [5,
0
Chapter II, Proposition 4.49 (d)] (also according to the Kunita-Watanabe inequality, e.g.

see [9, Proposition 2.34, Page 134], since the quadratic variation process corresponding to

the process exp < — / C{:’Edu> is zero, e.g. see remark before [10, Chapter II, Theorem
0

25]). Hence, the process (Kg’a)ogsgt defined by
K1 :=exp (ﬁZ!’E - / C{:’Edu)
0

is also a real P*-martingale with respect to the truncated filtration (Fs)o<s<¢. In particular,

for any t > 0 and f € Lip,(R%),

E” {exp </<;th’5 - /t C’g’gds)} =1.
0
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(d) Now, we turn to estimate the term CLF for s € (0,t). Let 0 < k < A1 Ae™ ).
First, according to the definition of F.(s,z) and Proposition 2.1, F.(s,-) € Lipy(R%) and

CLip(Fe(5,)) < CLip(F(s,-)) < e“U™9C1(f).

Therefore, thanks to Lemma 3.1 below, we get that

/ (eFPelo Xombe(Xom ) —Fels Xon)) _
— k(Fe(s, Xoo + c(Xs—, 2)) — Fe(s, X)) )v(d2)
< / (exCri(Fl e _ 1 — kCy i (F(s,-))|e(Xom, 2)|)v(d2)
< /(enec(tS)CLip(f)|c(Xs_,z)| S 11— keI ()Xo, 2) ) (d).
On the other hand, also due to the definition of F.(s,x), for every 1 < i < d,

0:F (s,-)] < e“9C1i(f),

and so
d
]a(XS,)*VxFE(s,Xs,)|2 = > 0iF(s,Xs_)ai;(Xs—)0jF:(s, Xs-)
i,j=1
< €20(t_S)CLip(f)2A(Xsf)a
where ;
Az) = sup > aij(2)0i;.

Gt‘gijlél and 91']':9]'1', léi,jgd i,j=1
Combining all the estimates, for 0 < s < ¢, we have
A
Csf,a < 70H262C(t_5) CLip(f)2
+/ (eneC“*S)CLip(f)c(Z) 11— mec(t_S)CLip(f)c(z))u(dz)
=: CL{’O.

We note here that the term C’g 0 does not depend on the process X; and the parameter €.
(e) For any ¢ > 0 and A > 0,

E® [exp(/@Zf’e)] = E° [exp (/{th’e - /t C!’eds) exp (/t Cg’sds)]
Ot " t
< E* [exp (/@th’e - /0 C!’Eds)} exp </0 C’g’ods)
¢
= exp(/o Csf’ods>.

Letting € — 0 yields the first required assertion. The proof is complete. O
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Remark 1 In thestep (a) of the proof above, the construction F;(s, z) by using the
standard mollification argument to F'(s,x) is necessary, since the property that F.(s,-) €
C?(R?) is required by applying the It6 formula. This point fills out a small gap in the proof
of [12, Proposition 3.4]. In the step (b), the conclusion that (ZZ’E)OSSQ is a martingale
could be easily deduced from its definition. Indeed, for any 0 < s; < so < t, by the
Markov property,

E*(ZLf|Fe) = E"(Fe(s2, Xs,) — Fo(0, X0)|Fe,)
= E*((pe * Pi—s,) [ (Xs,)|Fsy) — F2(0,2)
= E*[E*((pe * P) f|Fey)| Fen] — F(0, )
= E"((pe * P)f|Fs) — F(0,2)

= (pe*P)f(Xs,)— F-(0,2) = ng.

Note that, the expression (3.1) of Z{* is key to steps (c) and (d) of the proof.

The lemma below has been used in the proof above.

Lemma 3.1 For any z € R, it holds that e* —1 —z < el*l =1 — |z|; moreover, the
function f(z) = e* — 1 — x is increasing on [0, c0).

Proof The second assertion is easily proved. For the first one, we only need to
consider the case that x < 0. It suffices to prove that e —1 — 2 < e ™ — 14 x. That is,
e’ —e ® < 2z for x < 0. Set h(z) = €* — e * — 2. Then, the facts that h(0) = 0 and
W(xz) =e*+e ¥ —22>0 for all z < 0 will immediately give us the required assertion.
O

We now turn to the second part of the proof of Theorem 1.1.
Proof of Theorem 1.1 (2) We will adopt same notations in the proof of Theorem
1.1(1). According to steps (a) and (b) in its proof, we know that

(Z]%)o<s<t = (Fe(s, Xs) — F2(0, Xo))o<s<t
is a real P*-martingale with respect to the truncated filtration (Fs)o<s<¢t, where

R(LX) = F.(0,Xo) + /t<VxF€(s,Xs_),a(Xs_)dWs>
0
+ /O / (Fu(s, Xy + e(Xs_, 2)) — Fo(s, Xs_))ji(dz, ds).

Applying the Ité formula of Lévy type stochastic integral to the function g(z) = x
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yields that
@ = 2 [ (Ve X o (X )am
+ Ot / [(Z1F + Fo(s, Xo— + e(Xs, 2)) — Fe(s, X52))? = (Z2°)?] fu(dz, ds)
+ /0 0(Xe )"Vl X
+ /0 t / [(Z]° + Fo(s, Xom + o(Xo, 2) — Fu(s, X,))? — (21°)?
— 275 (Fu(s, Xo_ + ¢(X,s_, 2)) — Fe(s, X)) ]v(dz)ds
= M+ /t Cf<ds,
0
where (Msf’a)ogsgt is a martingale, and

Cl* = |o(Xs-)"VaFe(s, X5 )|
+/(Fg(8,XS_ + (X, 2)) — Feo(s, X)) ?v(d2).

Therefore, for any ¢t > 0,
t
Ev(Z{*)? = Ez</ Cg’ads). (3.2)
0

Furthermore, due to part (d) in the proof of Theorem 1.1 (1), for any s € (0,1t),
0(Xe ) Vo Fels, X )2 < 2 Cy0(f)2 A,
On the other hand,
/ (Fa(s, X+ c(Xo_,2)) — Fa(s, Xs_))20(d2)
< Crip(Fe(s,))? / o(Xom, 2)%(dz) < 29079 CoCrip (f)2
Thus, for any s € (0,t),
CI* < 9070 Cip (f)? (Ao + Co),

which combining with (3.2) yields that

< Crip(f)*(Ao + Co)(e*Ct — 1)
= 2C '

E$(Zif,€)2

The first desired assertion follows from the inequality above by letting ¢ — 0. The second
conclusion is a consequence of the first one, by applying the Chebyshev inequality and the

approximation procedure. [
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