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Abstract
The credibility estimator under the generalized weighted premium principle were discussed.
The results were also extended to the versions of multitude contracts. By transforming the prob-
ability distribution, the inhomogeneous and homogeneous credibility estimators in the multitude
models were derived, and some statistical properties of those estimators were discussed. Fur-
thermore, the structure parameters in credibility factor were estimated by bootstrap techniques.
Finally, the simulation study is presented and shows that the inhomogeneous estimator are good

enough to use in practice.
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§1. Introduction

Under the framework of decision theory, it is well known that in classical credibility
theory the risk premiums are derived on the basis of net premium. In practice, however,
a net premium cannot meet the essential need of positive safety loading. An earlier ver-
sion of credibility premium under the exponential weighted squared loss function is due
to Gerber (1980) who represented the credibility premium formula regarding the Esscher
premium principle as a linear combination of the collective premium and sample mean of
the claim history. A recent work is due to Pan et al. (2008) who found that, as an esti-
mator of individual premium, this credibility premium does not meet certain fundamental

requirements from statistics: it does not converge to the individual premium except for
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certain special case. Due to this consideration, they suggested another type of credibil-
ity premium for Esscher premium principle that meets the requirement of convergence.
Following the line of quadratic-type loss functions, the most generalized form of squared
loss functions addressed in literature so far are the ones discussed by Furman and Zitikis
(2008), who proposed a generalized weighted loss function, and Wen et al. (2009a) dis-
cussed the corresponding credibility estimators under generalized weighted loss functions,
and prove the convergence of credibility estimators, as well as Bayes estimator under the
generalized weighted premium principle.

However, the credibility estimators they derived cannot be applied to practice, since
the collective premium and structure parameters in credibility factor are unknown in
general. In this paper, we built the credibility models with multitude contracts, and
further study credibility pricing under the generalized weighted premium principle. In
this models, we derived the inhomogeneous and homogeneous credibility estimators. In
addition, the structure parameters are also estimated by bootstrap techniques.

The paper is organized as follows. The formulations and preliminaries of the models
are discussed in Section 2. The credibility estimators are derived in simple Biihlmann
model in Section 3 and the multitude contracts models in Section 4 respectively. Further-
more, the structure parameters are estimated by bootstrap techniques in the second part
of Section 4. Finally, the simulation study is presented in Section 5, which shows that the

results are good enough to use in practice.

§2. Model Formulations and Preliminaries

Suppose that the loss X of a risk is a non-negative random variable with distribution
function Fx(z). Throughout the paper, the existence of expectations and variances of
random variables are implicitly assumed when referred to. Define the generalized weighted

premium of risk X as
E[v(X)h(X)]

HX) =g

(2.1)

where v(z) > 0, h(z) > 0 are assumed to be known weighted functions. In real applica-
tions, some restrictive conditions are needed to be added.

Actually, one of the important methods to construct premium calculation principles
is to solve the minimization of some expected loss functions indicating the mean loss of the
insurer when he adopts a certain premium calculation principle, see for example, Gerber

(1980), Heilmann (1989), Wen et al. (2009a), and references therein. We can observe that
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the generalized weighted premium minimizes the expectation of weighted squared loss
function

L(X,P) = (v(X) — P)’h(X), (2.2)

ie.,

H(X) = arg}_gnnE[(u(X) — P)’h(X)].

Here, by taking different forms of v(x) and h(z), the premium defined by (2.1) subsumes
many classical premium calculation principles, and some of them have positive safety
loadings, see e.g. Furman and Zitikis (2008), Wen et al. (2009a):

e the expectation premium principle H(X) = (1 + «)EX for v(z) = (1 + o)z and
h(z) =1, where a > 0 is a positive constant;

e the Esscher premium principle H(X) = E[Xe*]/E[e] for v(x) = z and h(z) =
e where )\ is a positive constant;

e the modified variance premium principle H(X) = EX + Var (X)/EX for v(z) = =
and h(z) = z;

e Kamp’s premium H(X) = E[X (1 — e )]/E[1 — e~ *¥] for v(z) = = and h(z) =
1 — e, where )\ is also a positive constant;

e the conditional tail expectation premium H (X) = E[XI(z > ¢)]/P(z > q) = E(X|X
> q) for v(z) = x and h(z) = I(z > q).

Thus the generalized weighted premium has larger flexibility such that different in-
surance companies can take particular functions v(z) and h(z) to meet their needs and
make the premium be competitive in the markets.

In order to further investigate credibility estimators of the generalized weighted pre-
mium, firstly we present a lemma as follows. Similar results can refer to Wen et al. (2009b),
Zheng et al. (2012).

Lemma 2.1 Let Y be a random variable and is to be estimated/predited, and
Z = (Zy,...,Zy)" is a random vector. Write B = (by,b2,...,by), b; € R, and a € R.
Then

(1) The solutions of the minimization problem

e IgngE[(v(Y) —a— BZ)*W(Y)] (2.3)

are given by

a=E.u(Y)] = Covi(v(Y), Z)[Covu(Z)]'Ex(Z), B = Cov.(v(Y),Z)[Cov.(Z)]7},
(2.4)
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where P, is a new joint distribution generated by the original joint probability of the

random vector (Y, Z’), such that

E[Z4(Y)h(Y)]
Eh(Y)]

E[14(Zi)h(Y)]

PulY € 4) = ER(Y)]

P.(Z; € A) = i=1,2,...,m. (25)

Here 14 is the indicator of set A. Accordingly, the expectation, variance, covariance or
covariance matrix under P, are denoted as E,, Var, and Cov.(X) respectively (Note that
Cov ,(X) denotes covariance matrix if X is a random vector, or variance if X is a random
variable).

(2) The solution of conditional minimization problem

min E[(0(Y) = BZ)’A(Y)],  with E.fo(Y)] = BE.[Z] (2.6)

E.[v(Y)] — Cov.(v(Y), Z)[Cov . (Z)]'EL(Z)
E.(Z')[Cov (Z2)]'E«(2Z)

B= [Cov*(v(Y),Z) + E*(Z')] [Cov.(2)] 2.

Proof Note that
E[((Y) —a— BZ)*h(Y)] = E[A(Y)] - E[(v(Y) — a — BZ)2h(Y)].

Write ® = E,[(v(Y) —a — BZ)?], so we only need to minimize ® under expected squared
loss function with probability distribution “P,”. Firstly, Standard lagrange’s method gives

B = Cov.(v(Y), Z)[Cov.(Z)] !
and
a = E.[v(Y)] — Cov.(v(Y), Z)[Cov.(Z)] 'Es(Z).

Secondly, note that the minimization problem (2.6) is equivalent to

min E[((0(Y) — E.(u(Y))) - BZ ~E(2)),  with Eo(Y)] = BE.[Z],  (27)

thus we can also get

E«[v(Y)] — Cov.(v(Y), Z)[Cov.(Z2)]*E.(2)
E.(Z))[Cov.(2)]'E.(2)

B= [Cov*(v(Y),Z) + E*(Z/)] [Cov.(2)]7,

with conditional Lagrange methods. O

Consequently, from the first part of the Lemma 2.1, Y can be optimally predicted

under the loss function (2.2) in the class of inhomogeneous linear functions of Z by

Y = E.[o(Y)] + Cov.(v(Y), Z)[Cov.(2)] " (Z — E.(2)). (2.8)
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§3. The Credibility Estimators

In the credibility theory, we assumed that a risk X can be recognized by a risk
parameter O, which is an unobservable random variable, say, with distribution density
m(#). Given ©, X, Xo,..., Xy, X;11 are i.i.d. copies of X, ie., fori =1,2,...,n+ 1,
(Xi, ©) has the same joint distribution as that of a typical representative (X, 0). Write
X, = (X1,X9,...,X,). In this model, the individual premium and collective premium

are defined as

_ Ev(X)n(Xx)[6]
MO =" Enx)e) o1
and
(x) = S (32)
respectively.

In credibility theory, our goals are to estimate/predict the future loss X, 1. Under
the generalized weighted loss function, individual premium R(©) is the optimal predictor
of X, 41 given O, i.e.,

R(©) = arg PI:n;](a@) E[(v(Xpy1) — P)?h(Xn11)]0], a.s.. (3.3)

However, since the risk parameter O is unknown in practice, the individual premium R(O)
is also unknown in actuarial science, and is to be estimated based on the samples X,,. In
credibility theory, the individual premium R(©) is also called as the risk premium.

Wen et al. (2009a) derived the credibility estimator for the individual premium R(O).

The results can be presented as follows.

Theorem 3.1 (Wen et al. (2009a)) Denoting
Mg ={a+bg(X,), with a,b € R and g(X,) is a function of the samples X,,}, (3.4)
then the solution of

E[L(Xnt1, Hy(Xn))] = f(gleif\l/[q E[(0(Xnt1) = F(-))*h(Xnt1)] (3.5)
Hy(Xn) = 29(Xn) + (1 TETH(X)
where
L Cov,(R(©),9n(9))
Var [g,(©)] + E.[Var (¢(X,)|0O)]
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is called credibility factor, g,(©) = E[g(X,)|O], and the new distribution “s¢” of © is
defined as
E[ZA(©)E(h(X)[O))]

P.(©cA)= E[h(X)]

. (3.8)

§4. Multitude Contract Models

4.1 Homogeneous Credibility Estimator

In real applications, however, the structure function 7(#) usually cannot be com-
pletely specified so that the collective premium H(X), as well as structure parameters in
credibility factor z is actually unknown. Therefore, the claim experiences over a num-
ber of risks in the same portfolio have to be observed in order to estimate 7(#) or the
collective premium by empirical Bayes techniques. More specifically, let X1, Xs,..., Xk
denote K risks under observation. The distribution of each X; is characterized by its risk
parameter ©; and contributes a sequence of claim experiences X; = (X1, Xio, ..., Xin,)
over n; time periods (To simplify our exposition, the same time periods will be applied to
all individuals (the so-called balanced model). With a slight variation to the model, how-
ever, it can be easily extended to the unbalanced case.). Under certain assumptions, the
standard paradigms using empirical Bayes method can be applied to all the historical data
to estimate the prior distribution 7(#) and, in turn, to predict the future loss of each X,
1=1,2,..., K, at the next period. These data are therefore structured in two dimensions
with one indicating the time horizon and the other the distinct insured individuals.

We list the assumptions for multitude contracts as follows.

Assumption 4.1 Conditionally on ©; = 6, the random variables X;; (j = 1,2,

...,n) are independent, with the same distribution function Fy.

Assumption 4.2 The risk parameter ©1, 0, ..., Ok are independent and identi-

cally distributed as the same structure distribution function 7(6).
Assumption 4.3 The random vectors (©;, X;) are independent for i=1,2,... K.
This section aims to estimate

_ E[u(Xi;)h(Xi5)]0]
RO = —"Enx,el

(predict X; n41) based on data X = (X1, X%, ..., X)) so as to minimize the expected gen-
eralized weighted loss function L(X; 41, f(+)) defined as in (2.2), where f(-) is a function
of the sample X.
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We constrain the function f(-) to be in the class
K o n n
M, = {a+2 bsH o, with a, by € R and H = [z U(ij)h(ij)}/[z h(ij)] } (4.1)
s=1 j=1 j=1
i.e, to solve the following minimization problem

min € [(v(Xini1) —a fl bsﬁsn)2h(xi,n+1)] (4.2)

The solution of minimization problem (4.2), denoted by R/(_@\i)*, is called credibility esti-
mator of R(©;).

Firstly, we define a new joint distribution for (0, X, Xj ,,+1), where © = (01,0, ..,
Ok), X = (X1, Xo,...,Xk), and Xy = (Xs1, Xs2,...,Xsn) as follows: under which the
conditional independence among X;;, s = 1,2,..., j = 1,2,..., and the independence
among contracts retain, whereas the marginal distribution of © changes to
E[14(©s)mn(04)]

E[ma(©:)]
where I, is the indicator of set A, and the conditional distribution of X changes to
Ellp(Xst)n(Xint1)|©]

Er(Xin+1)lO]
Under P,, we can see that the marginal distribution of any X,; changes over different n.
Note that here for s=1,2,...,K,t=1,2,...,n,
EL73(Xst)h(Xins1)O)]

E[h(Xin+1)[O]

i.e, the conditional distribution of the sample X is unchanged. Similarly, we have
ELL4(0,)m(0))
E[m(0i)]

Accordingly, the expectation, variance and covariance under P, are also denoted as,

P.(O, € A) = s=1,2,..., K, (4.3)

P*(Xst S B|@) =

s=1,2,....K, 7=1,2,....n,n+ 1.

P*(Xst € B‘@) = - P(Xst S B’@), (44)

P.(Gs;€ A) =

=P(O;€ A), s # 1.

respectively, E,, Var, and Cov .
For any measurable function [(X,,, X; n+1), noting that E.[l(X,)|0] = E[I(X,)|O],
then

Ell(Xp, Xint1)] = Ei[Efl(Xn, Xint1)|O]]
E{E[l(Xn, Xin+1)|OE[R(Xin+1)O]}
E[h(Xi,n—l-l)]
E{E[I(Xn, Xint1)P(Xint1)[O]}
E[R(Xin+1)]
E[U( X, Xin+1) M Xint1)]
E[n(Xin+1)]
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Let H, := (Hip, Hop, ..., Hgy) and hi(©;) = E(H;,|©;), then we derive the following
theorem.

Theorem 4.1 Under the Assumptions 4.1-4.3 and new joint probability distribu-
tion of random vector (0, X, X; ,41) above, the credibility estimator of R(©;) by solving
the minimization problem (4.2) is

R(©:) = zHi + (1 - ziw>H(X), (4.6)
where the credibility factor is
B Cov . (R(0;), hi(©;))
Var . [hi(©;)] + E«[Var (H;,|0;)]
Proof Denote B = (by,bo,...,bx), then

(4.7)

Zq

K 2 —
E [(U(Xi,nﬂ) —a- ) biHin> h(XmH)] = E[((Xjni1) — a — BH)h(Xins1)). (4.8)

*

From (2.8), the credibility estimator R(©;) can be given by

R(©;) = E.fv(Xin41)]+ Covu(v(Xins1), Hn)[Covu(Hp)| ™ (Hy — Ex(Hp))
= E.[hi(©5)]
This complete the proof. [l

Remark 1 From the Assumptions 4.1-4.3, it is easily to check that E.[h;(©;)],
Cov «(R(0:),hi(©;)), Var.[hi(©;)] and E.[Var (H;,|0;)] are all independent of index 4, so
is z;,1=1,2,..., K. We denote z for z; in the following.

Analogy to the classical credibility theory, when H(X) or E.[h;(©;)] is unknown, we
can solve the problem (4.2) and establish the optimal homogeneous estimator of R(0;).

We solve the following problem

g?ei%E{(u(Xi,nH)—é bsﬁsnfh(Xi,nH)], with E,[0(X;n41)] = Es [i bsﬁsn} (4.9)

and derive the results as follows.

Theorem 4.2 Under the Assumptions 4.1-4.3, the homogeneous credibility esti-
mator of R(©;), by solving the problem (4.9) can be derived as
———h — H(X =
R(©;) o 2Hp + <7( ) _ z)H, (4.10)
w

fr K _
where z is defined in (4.7) and w = E,[hi(0;)], H = (1/K) ) Hgp.
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Proof From the second part of the Lemma 2.1, the homogeneous credibility esti-
mator of R(©;) is

RO = [Cova(v(Xinn). o)
4 B (i) = Cov. (0(Xiyu). T Cova (o)) ()
€. (I, [Cov. ()|~ EL(TT,)
[Cov (X)) ' H,. (4.11)

For notations convenience, we denote u = Cov ,(R(0;),h;(0;)), ¢ = Var.(hs(0s)), p =
E.(Var (Hs,|O5)), then z = u/(p + q). We obtain

R/(\@')hom = e+ H(X) — uellqg + plk] twlg
l ' wlelg + plx] twlg
H(X) - uw

U - q+py W ==
" w? Kq+p

K

wll|lqg+ plx) " Hy

n

q+p

H(X) - zw=

= Zﬁin + H

w

— ZHp o+ (@ —:)H. O (4.12)

w

———hom
Remark 2 The homogeneous credibility estimator R(©;) can be expressed

exactly credibility form:

———hom - =
R(@Z) =zH;, + (1 — Z)H
if and only if
E.[i(0,)] = H(X). (4.13)

4.2 The Estimation of Structure Parameters

For the homogeneous credibility estimators (4.10) in multitude contract models, they
cannot be applied to practice directly, because some structure parameters in credibility
factor, such as H(X), E.«[hi(0;)]Cov.(R(0;), hi(0;)), Var.[hi(©;)] and E.[Var (H;,|0;)]
are usually unknown in practice.

From the homogeneous credibility estimator, obviously the H(X) and w = E.[h;(©;)]

can be estimated by

o —

HX) =0 =

il

(4.14)

Secondly, we denote

u 2 Cov.(R(0;),hi(6;)), q=Var,[hi(©;)] and p = E.[Var(H;,|0;)] (4.15)



234 N R G BTG

for convenience.
When the credibility estimator (4.6) are applied to practice, we first estimate these
structure parameters based on the samples X. By inserting the corresponding estimators

for structure parameters into (4.6), we denote

R(©;) = ZHyy + (1 - 2)H,
which are called the empirical Bayes credibility estimator, where z = u/(q + p).

Since

hi(©;) = E{ [ i U(Xij)h(Xij)}/[]é h(Xij)] ‘@z}

j=1
is dependent on index ¢, so the common moment method can not be uses to estimated u
and p. On the other hand, maximum likelihood method can also not be used since the
distributions of random variables involved are unknown. However, a particularly effective
method to estimate structure parameters in this case is to use the bootstrap techniques.
Forb=1,2,...,B,and j =1,2,...,n, let Xi*jb be independent random variables sampled

from the empirical distribution function

Fin(x) =

This resampling can be implemented by drawing n B random integers J (7, b) independently
from the uniform distribution on {1,2,...,n}, and setting X,Z‘jb = X,(jp)- To keep the

notation consistency, denote

[ wxinp)] /[ 2 <X;;-b>],

Z
j=1 j=1

n ]_ n

; . and  s? = 51 b;( hi)%. (4.16)

In addition, we denote
o= LA = 3 Ay (4.17)
Firstly, since
u = Cov.(R(6:), hi(©i)) = E.[R(©:)hi(0:)] — E«[R(O:)]E.[hi(©:)], (4.18)

E[14(05)mp(0;)]/E[mp(0;)], s = 1,2,..., K, then the bootstrap estimator of u is given

o= (£ mam) /(£m) - (£ m) (B [(Em).
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In the second, since ¢ = Var .[h;(0;)] = E.[h?(0;)] — (E.[hi(©;)])?, then
0= (3 ma?) /(5 me) = (o mas) /(5 ma) (4:20)

Finally, we observe that

p = E.[Var (H,|6))], (4.21)

and the corresponding estimators can be given by

p= (X mist) /(5 ). (422

From the properties of bootstrap estimator, see, e.g., Hall (1992), the estimator @, ¢
and p are consistent with respect to u, ¢ and p when B — oo, respectively.
In real application, however, the estimator @ and ¢ may be negative value, we can

A~

take u* = max(0,u), ¢* = max(0, q)

§5. Simulation Study

In the section, we assume that X is a Bernoulli variable with P(X =1) = 1-P(X = 0)
= 0 and © «~ U(0, 1), the uniform distribution on interval (0, 1). In this simulation we take
v(z) = e and h(z) = 2% + 1 with A = 0.2. Therefore, Then under the new probability
P, the density functions of © and X;, i =1,...,n are

m(0)ma (6)

mp

. (0) = :§(0+1), 6c(0,1)

and
P.(X; € B|®) = P(X; € B|©),
respectively. The risk premium is

_ E[u(Xij)h(Xy)[0]  2(e™ - 1)6;
RO ="Enxpel — &1 Tt

However, it is quite difficult to work out a closed form of h;(©;) = E[H;,|©;], therefore,
the structure parameter u, p and g can not be analytically calculated. Thus, instead, we
use a Monte Carlo method to numerically compute them. We take sizes n = 20, n = 100,
the risk premium and corresponding inhomogeneous credibility estimators and their MSE

are given by the following tables:
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Table 1 The simulation results

n =20 n = 100
0; 0.2 0.4 0.6 0.2 0.4 0.6
R(6;) 1.0738 1.1265 1.1661 1.0738 1.1265 1.1661

R(6;) 1.0794 1.1267 1.1634 1.0741 1.1256 1.1650
Std. 0.1807 0.1615 0.1250 0.0384 0.0352 0.0267

The results in the table above shows that the inhomogeneous credibility estimator is
very closed to risk premium. Especially in the large sample, for instance, n = 100, the

mean square of the credibility estimator is small enough to use in practice.
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