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§2. � .

�ÄXe�.[5]

Un = Un−1(1 + In) + C(bn−1)− h(bn−1, Yn), n = 1, 2, . . . , (2.1)

Ù¥, Un���n�xúi�J{, U0 = u > 0��xúi�Ð©J{, {In, n > 1}Ú{Yn,

n > 1}©O�ü��pÕá��ÅCþS�, YnL«1nÏ�n�|Ñ, ���ÕáÓ©

Ù(i.i.d.)��ÅCþS�, ©Ù¼ê�F (y) = P(Y1 6 y). In�1nÏ�|Ç, �©b½|Ç

äk��g£8(�, =

In = αIn−1 +Wn, n = 1, 2, . . . , (2.2)

Ù¥I0 = i0, 0 < α < 1, þ�~ê, {Wn, n > 1}�i.i.d.��K�ÅCþS�, ©Ù¼ê�

G(w) = P(W1 6 w), {Wn, n > 1}�{Yn, n > 1}�pÕá, d(2.2)�

In = αni0 + αn−1W1 + · · ·+ αWn−1 +Wn, n = 1, 2, . . . . (2.3)

¼êh(b, y)���2�xüÑ, B�¤k�#NüÑ�m, éb ∈ B, h(b, y)L«�n

��y�d�xúi|G�Ü©, 
�e�y − h(b, y) 6 C(b)d2�xúi|G, b½

0 6 h(b, y) 6 y, �y → h(b, y)é¤kb ∈ B´�~¼ê. 
B´��;�ÿÀ�m, b →
h(b, y)é?¿y > 0´ëY¼ê, 3�.(2.1)¥bn−1L«1nÏ�2�xüÑ.

2�xÜÓ¥�~��k'~2�xÚ����2�x, �©ò?Ø���¹h(b, y),

�b½h(bn, y)�~êüÑ, =zÏ�2�xüÑþ�Ó, äN�2�/ª�I�\úª=

�, =

h(bn, y) ≡ h(b, y), b ∈ B. (2.4)

C(b)L«üÑbe�xúi��¤, �âÏ"�½d�K:

C(b) = c− (1 + θ)E(Y − h(b, Y )).

þª¥Y�{Yn, n > 1}k�Ó�©Ù. c��¤Ç, ���½~ê, Ù¥θ�2�xúi�S

�N\Xê, w,?�b ∈ B, þk0 6 C(b) 6 c.

d(2.1)9(2.4)��

Un = u
n∏
i=1

(1 + Ii)−
n∑
i=1

(h(b, Yn)− C(b))
n∏

m=i+1
(1 + Im), n = 1, 2, . . . . (2.5)

þª¥,
n∏

m=n+1
(1 + Im) = 1, ¿b�ÀÂÃ^�¤á, =Eh(b, Y ) 6 C(b).
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½Â

Ψb(u, i0) = P
( ∞⋃
n=1

(Un < 0)
∣∣I0 = i0

)
(2.6)

�üÑbeÐ©]7�u��»�VÇ, ¿P

Ψb
n(u, i0) = P

( n⋃
k=1

(Uk < 0)
∣∣I0 = i0

)
(2.7)

�üÑbeÐ©]7�u��k��m»�VÇ. w,

0 6 Ψb
1(u, i0) 6 Ψb

2(u, i0) 6 · · · 6 Ψb
n(u, i0) 6 · · ·

�

lim
n→∞

Ψb
n(u, i0) = Ψb(u, i0).

½n 2.1 ?�b ∈ B, �3Ψb(u), Ø�6ui0, ¦�

Ψb(u, i0) 6 Ψb(u)

éu¤ku > 09I0 = i0 > 0¤á.

y²: d(2.1)9(2.3)¥b½�

Un = Un−1(1 + In) + C(b)− h(b, Yn) > Un−1 + C(b)− h(b, Yn),

P

Ũn = Ũn−1 + C(b)− h(b, Yn), (2.8)

KŨ0 = U0 = u, �?¿n > 1, þk

Un > Ũn. (2.9)

P

A =
{
ω ∈ Ω

∣∣ ∞⋃
n=1

(Un(ω) < 0)
}
9 Ã =

{
ω ∈ Ω

∣∣ ∞⋃
n=1

(Ũn(ω) < 0)
}
,

d(2.9)�A ⊂ Ã, 
Ũnw,Ø�6uIn, K

Ψb(u, i0) = P
( ∞⋃
n=1

(Un < 0)
∣∣I0 = i0

)
6 P

( ∞⋃
n=1

(Ũn < 0)
)
, Ψb(u). �

5P 1 ¯¢þ, d(2.8)�Ũn = u −
n∑
i=1

(h(b, Yn) − C(b))�Ã|Ç�/�ºx�.,

�A�Ψb(u) = P
( n∑
i=1

(h(b, Yn)− C(b)) > u
)
�Ã|Ç�/�»�VÇ, þã½nL²�Ä

|Ç��.»�VÇ��.
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§3. »�VÇ÷v��È©�§

�Zi = h(b, Yi) − C(b) (i > 1), K{Zn, n > 1}�i.i.d.��ÅCþS�, ©Ù¼ê�

H(z) = P(Z1 6 z), w,z > −C(b), PH(z) = 1−H(z)�H��©Ù, ±e�Ñ»�VÇ

÷v�4íúª.

½n 3.1 Pαi0 + w = h, 3cã^�e, k

Ψb
1(u, i0) =

∫ ∞
0

H(u(1 + h))dG(w). (3.1)

�é?¿n > 1,

Ψb
n+1(u, i0) =

∫ ∞
0

H(u(1+h))dG(w)+

∫ ∞
0

∫ u(1+h)

−C(b)
Ψb
n(u(1+h)−z, h)dH(z)dG(w). (3.2)

?
,

Ψb(u, i0) =

∫ ∞
0

H(u(1 + h))dG(w) +

∫ ∞
0

∫ u(1+h)

−C(b)
Ψb(u(1 + h)− z, h)dH(z)dG(w). (3.3)

y²: P{Ỹn, n > 1}Ú{W̃n, n > 1}©O�{Yn, n > 1}Ú{Wn, n > 1}�ÕáE�,

Kw,{Z̃n = h(b, Ỹn) − C(b), n > 1}�{Zn, n > 1}�ÕáE�, �dCai (2002b)�, �

½W1 = w�, P

Ĩn−1 = αn−1h+ αn−2W̃1 + · · ·+ αW̃n−2 + W̃n−1, n = 1, 2, . . . ,

K{Ĩn, n > 1}�{In, n > 1}k�Ó�g£8(�,

Ĩn = αĨn−1 + W̃n, n = 1, 2, . . . .

�{In, n > 1}ØÓ�´, {Ĩn, n > 1}�Ð©��Ĩ0 = ĩ0 = h = αi0 + w.

PZ1 = z, d(2.5)�,

U1 = u(1 + I1)− Z1 = u(1 + αi0 + w)− z = u(1 + h)− z,

�z > u(1 + h)�, P(U1 < 0|W1 = w,Z1 = z, I0 = i0) = 1, ¤±

P
( n+1⋃
k=1

(Uk < 0)
∣∣W1 = w,Z1 = z, I0 = i0

)
= 1.
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�z 6 u(1 + h)�, P(U1 < 0|W1 = w,Z1 = z, I0 = i0) = 0, ¤±

P
( n+1⋃
k=1

(Uk < 0)
∣∣W1 = w,Z1 = z, I0 = i0

)
= P

( n+1⋃
k=2

(Uk < 0)
∣∣W1 = w,Z1 = z, I0 = i0

)
= P

( n+1⋃
k=2

(
(u(1 + h)− z)

k∏
t=2

(1 + It)−
k∑
j=2

Zj
k∏

t=j+1
(1 + It) < 0

)
∣∣W1 = w,Z1 = z, I0 = i0

)
= P

( n⋃
k=1

(
(u(1 + h)− z)

k∏
t=1

(1 + Ĩt)−
k∑
j=1

Z̃j
k∏

t=j+1
(1 + Ĩt) < 0

)
∣∣W1 = w,Z1 = z, Ĩ0 = ĩ0 = αi0 + w

)
= Ψb

n(u(1 + h)− z, ĩ0)

= Ψb
n(u(1 + h)− z, h).

dþª��

Ψb
n+1(u, i0) = P

( n+1⋃
k=1

(Uk < 0)
∣∣I0 = i0

)
=

∫ ∞
0

∫ ∞
−C(b)

P
( n+1⋃
k=1

(Uk < 0)
∣∣W1 = w,Z1 = z, I0 = i0

)
dH(z)dG(w)

=

∫ ∞
0

∫ u(1+h)

−C(b)
Ψb
n(u(1 + h)− z, h)dH(z)dG(w) +

∫ ∞
0

∫ ∞
u(1+h)

dH(z)dG(w).

z{=�(3.2), -n→∞, �(3.3), AO/, �n = 1�,

Ψb
1(u, i0) =

∫ ∞
0

H(u(1 + h))dG(w). �

�Ä'~2�x, =h(b, y) = by, KC(b) = c − (1 + θ)(1 − b)EY , �A�»�VÇP

�Ab(u, i)ÚAbn(u, i), K±e(Ø¤á.

íØ 3.1

Ab1(u, i0) =

∫ ∞
0

F
(u(1 + h) + C(b)

b

)
dG(w),

�

Ab(u, i0) = Ab1(u, i0) +

∫ ∞
0

∫ [u(1+h)+C(b)]/b

0
A(u(1 + h)− C(b)− by, h)dF (y)dG(w).

y²: dh(b, y) = by�, Zi = bYi −C(b), �H(z) = F ([C(b) + z]/b), �\(3.1)=�.

�
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�Ä����2�x, =eh(b, y) = min(b, y),

C(b) = c− (1 + θ)E(Y −min(b, Y )) = c− (1 + θ)EY + (1 + θ)E(min(Y, b)).

�A�»�VÇP�Bb(u, i0)ÚB
b
n(u, i0). K±e(Ø¤á.

íØ 3.2 Ps(i0) = [b− C(b)]/u− 1− αi0, K

Bb
1(u, i0) =

∫ s(i0)

0
F (u(1 + h) + C(b))dG(w), (3.4)

�

Bb(u, i0) = Bb
1(u, i0)

+

∫ s(i0)

0

∫ u(1+h)+C(b)

0
Bb(u(1 + h) + C(b)− y, h)dF (y)dG(w)

+

∫ +∞

s(i0)

∫ b

0
Bb(u(1 + h) + C(b)− y, h)dF (y)dG(w).

y²:

H(z) = P(Z1 6 z) = P(min(b, Y1)− C(b) 6 z)

= 1− P(Y1 > C(b) + z, b > C(b) + z)

=

F (C(b) + z), z < b− C(b),

1, z > b− C(b).
(3.5)

H(u(1 + h)) =

F (u(1 + h) + C(b)), w < s(i0),

0, w > s(i0).

d½n3.1�,

Bb
1(u, i0) =

∫ s(i0)

0
H(u(1 + h))dG(w) +

∫ ∞
s(i0)

H(u(1 + h))dG(w).

þª1���0, �(3.4)¤á. Ón��

Bb(u, i0) = Bb
1(u, i0)

+

∫ s(i0)

0

∫ u(1+h)

−C(b)
Bb(u(1 + h)− z, h)dH(z)dG(w)

+

∫ +∞

s(i0)

∫ b−C(b)

−C(b)
Bb(u(1 + h)− z, h)dH(z)dG(w)

+

∫ +∞

s(i0)

∫ u(1+h)

b−C(b)
Bb(u(1 + h)− z, h)dH(z)dG(w).

þª�1n��0, ò(3.5)�\cü�á�(Ø¤á. �
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§4. »�VÇþ.

½n 4.1 ��3R > 0, ¦�Ee(h(b,Y1)−C(b))R = 1, =EeRZ1 = 1, K

Ψb(u, i0) 6 βEe−Ru(1+αi0+W1) 6 βe−Ru, (4.1)

Ù¥β = β(b), ÷v

β−1 = inf
t>−C(b)

∫ ∞
t

eRzdH(z)

eRtH(t)
.

y²: w,β > 0, �

Ee−Ru(1+αi0+W1) 6 βe−Ru.

eyØ�ª�c�Ü©, |^êÆ8B{, n = 1�, é?¿x > −C(b),

H(x) =

(∫ ∞
x

eRzdH(z)

eRxH(x)

)−1
e−Rx

∫ ∞
x

eRzdH(z)

6 βe−Rx
∫ ∞
x

eRzdH(z)

6 βe−RxEeRZ1

= βe−Rx, (4.2)

K

Ψb
1(u, i0) =

∫ ∞
0

H(u(1 + αi0 + w))dG(w)

6
∫ ∞
0

βEe−Ru(1+αi0+w)dG(w)

= βEe−Ru(1+αi0+W1).

±eb½

Ψb
n(u, i0) 6 βEe−Ru(1+αi0+W1),

K�z < u(1 + αi0 + w)�,

Ψb
n(u(1 + αi0 + w)− z, αi0 + w)

6 βEe−R(u(1+αi0+w)−z)(1+α(αi0+w)+W1)

6 βe−R(u(1+αi0+w)−z). (4.3)

《
应
用
概
率
统
计
》
版
权
所
有



286 A^VÇÚO 1n�ò

d(3.2)9(4.2)�1��Ø�ÒÚ(4.3)�

Ψb
n+1(u, i0) 6

∫ ∞
0

∫ ∞
u(1+αi0+w)

βe−Ru(1+αi0+w)eRzdH(z)dG(w)

+

∫ ∞
0

∫ u(1+αi0+w)

−C(b)
βe−R(u(1+αi0+w)−z)dH(z)dG(w)

=

∫ ∞
0

∫ ∞
−C(b)

βe−Ru(1+αi0+w)eRzdH(z)dG(w)

= βEe−Ru(1+αi0+W1).

3þª¥-n→∞, =�(4.1). �

§5. A^¢~

�Bå�, �ãb½¢��Yi ∼ E(1), =ëê�1��ê©Ù, KF´��NWUC[5]©

Ù, �EY = 1, EetY = 1/(1 − t). 3|ÇL§¥b½α = 0.5, i0 = 0.05, �W1 ∼ U(0.01,

0.04).

Ún 5.1 �h(b, y) = by, b½é?¿b ∈ B, EeRbY1 < ∞, �F´��NWUC©Ù,

K

Ψb(u, i0) 6 (EeRbY1)−1Ee−Ru(1+αi0+W1).

y²: dWillmotÚLin (2001)�, β−1 =

∫ ∞
0

eRbydF (y) = EeRbY1 . �

Ún 5.2 �h(b, y) = min(b, y), b½é?¿b ∈ B, EeR(min(b,Y1)) < ∞, �F´�

�NWUC©Ù, K

Ψb(u, i0) 6 (EeR(min(b,Y1)))−1Ee−Ru(1+αi0+W1).

y²: dF´��NWUC©Ù, �Z1 = min(b, Y1)−C(b)�©ÙH(z)�´NWUC©

Ù, dWillmotÚLin (2001)�,

β−1 = inf
t>−C(b)

∫ ∞
t

eRzdH(z)

eRtH(t)
=

∫ ∞
−C(b)

eRzdH(z) = EeR(min(b,Y1)−C(b)). �

~ 1 �c = 1.2, θ = 20%, w,C(b) = 1.2− 1.2(1− b) > 0, Ee(bY−C(b))R = 1, ã1w

«
'~2�x�/g3Y²b�R�'X.

~ 2 ��~1�Ó�êâ, �Ä����2�x, w,C(b) = 1.2(1 − e−b) > 0,

Ee(min(b,Y1)−C(b))R = 1, ã2w«
����2�xg3Y²b�R�'X.
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ã1Úã2L²ØØ´'~2�x�´����2�x�/þkR���b�O�
~

�.

ã3�Ñ
'~2�x�/, ØÓ�g3'~e, d(4.1)ª�Ñ�»�VÇþ.�Ð©

]�u�'X, ã3L², 3�©�b�e»�VÇþ.�g3'~b�O�
O�. ã4�Ñ


����2�x�/, ØÓ�g3��e, d(4.1)ª�Ñ�»�VÇþ.�Ð©]�u�

'X, ã4L², 3�©�b�e»�VÇþ.�b�O�
~�.

5P 2 �!�´Þ~`²½n3ü«~�2�x�/�A^, 
©¥½n3.194.1

¤�ã�(Ø, éuÙ¦2�x�/, �,¤á.
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[8] Schäl, M., On discrete-time dynamic programming in insurance: exponential utility and minimizing

the ruin probability, Scandinavian Actuarial Journal, 2004(3)(2004), 189–210.

[9] Asmussen, S., Ruin Probabilities, World Scientific, Singapore, 2000.

[10] Gerber, H.U., An Introduction to Mathematical Risk Theory, Richard D. Irwin, Chicago, 1979.

[11] Willmot, G.E. and Lin, X.S., Lundberg Approximations for Compound Distributions with Insurance

Applications (Lecture Notes in Statistics, 156), Springer-Verlag, New York, 2001.

Ruin Problems for the Discrete Time Model of General

Reinsurance with Dependent Rates of Interest

Wang Lixia Li Shuangdong

(Department of General Courses, Jianghuai College of Anhui University, Hefei, 230031 )

In this paper, we consider a discrete-time process driven by general reinsurance and an interest rate

process. The rate of interest is assumed to have a dependent autoregressive structure. We obtain the

recursive and integral equations for ruin probability, and the upper bound of ruin probability is given with

recursive method. The results were applied to the proportional reinsurance and excess of loss treaty. To

illustrate these results, some numerical examples are included.
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