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l + · · ·+ βi,m−1t
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PYp×n = (Y1, Y2, . . . , Yr), Yi = (yijl)p×ni , εp×n = (ε1, ε2, . . . , εr), εi = (εijl)p×ni ,

i = 1, 2, . . . , r, 1n����´1�n× 1���þ, B = (β1, . . . , βr),

X =


1 t1 · · · tm−11

1 t2 · · · tm−12
...

...
. . .

...

1 tp · · · tm−1p

 , Z =


1Tn1

0 · · · 0

0 1Tn2
· · · 0

...
...

. . .
...

0 0 · · · 1Tnr

 ,

K)���.�Ý
/ª�Yp×n = Xp×mBm×rZr×n + εp×n,

E(ε) = 0, Cov (vec(ε)) = In ⊗ Σ,

¡Y´p × n�*	Ý
, X,Z©O´p ×m, r × n���OÝ
, B´m × r��ëêÝ
,

ε´p× n��Ø�Ý
, �Rank(X) = m, Rank(Z) = r, Σ´p× p��½Ý
, vec(ε)L«

rÝ
εU�.�, ⊗L«Kronecker¦È.
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ê£8¤��OäkéÐ�è5, ØÉÉ~��K�, Ó��äkûÐ����5�. �

©ÏL© ê£8�{, ïÄ)���.��O, �ÑT�.ëêÝ
��O, 9ÙìC
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§2. )���.�© ê£8

dþ!��, )���© ê£8�.�

Y = XB(τ)Z + ετ ,

Ù¥, Y,X,ZXc½Â, B(τ)´z���Ñ�© êτ (0 < τ < 1)k'�ëêÝ
, ε�τ©

 ê�0.

½Â)���.�© ê£8�O

β̂(τ) = arg min
p∑
l=1

ni∑
j=1

r∑
i=1

ρτ (yijl − tTl βi(τ)),

Ù¥, ��¼êρτ (u) = u(τ − I(u < 0)), �u < 0�, I(u < 0) = 1, ÄK, �0; tl =

(1, tl, · · · , tm−1l )T , βi(τ) = (βi0, βi1, . . . , βi,m−1)
T .

ØJwÑ, ù����¼ê, ü$
É~�é�.�O�K�, ¤��OäkéÐ�

è5, ØÉÉ~��K�. éuØÓ�τ , ��ØÓ�© ê£8ëê�O, �Ò´`�

Xτ�CÄ, U���q© ê£8�., �x
gCþé�ACþ,�© ê, ?��

©Ù�K�, Ø�þ�£8�U�����..

e¡?Ø�O����5�. Xþ8I¼ê�

p∑
l=1

ni∑
j=1

r∑
i=1

ρτ (yijl − tTl βi(τ)).

b�B0(τ) = (β01(τ), . . . , β0r (τ))�ý�, Pδ = (δ1, . . . , δr) =
√
np(B(τ)−B0(τ)), K

δ
√
np

+B0(τ) = B(τ).

�\þã8I¼ê, k

p∑
l=1

ni∑
j=1

r∑
i=1

ρτ (yijl − tTl βi(τ)) =
p∑
l=1

ni∑
j=1

r∑
i=1

ρτ

(
yijl − tTl

( δi√
np

+ β0i (τ)
))

=
p∑
l=1

ni∑
j=1

r∑
i=1

ρτ

(
yijl − tTl β0i (τ)− tTl

δi√
np

)
.

���8I¼ê�

Qnp(δ) =
p∑
l=1

ni∑
j=1

r∑
i=1

ρτ

(
yijl − tTl β0i (τ)−

tTl δi√
np

)
− ρτ (yijl − tTl β0i (τ)).
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Kδ̂ =
√
np(B̂(τ)−B0(τ))�¦�8I¼êQnp(δ)������), =

δ̂ = arg minQnp(δ).

PS = ZT ⊗X = (tij)np×mr, β�XêÝ
B�U�.��þ. Xe�b�, 3½n¥

´I��. b�:

^� 2.1 b�yijl��Ý¼ê0 < fijl(·) < ∞, �f ′ijl(·)3tTl βi(τ)?k., i = 1, 2,

. . . , r, j = 1, 2, . . . , ni, l = 1, 2, . . . , p.

^� 2.2 PΦ = diag(fijl(t
T
l βi(τ))),

D0 = lim
n,p→∞

τ(1− τ)

np
STS, D1 = lim

n,p→∞

1

np
STΦS,

�D0ÚD1´�½Ý
.

^� 2.3 max ‖tij‖ < M .

½n 2.1 e÷v^�2.1 – 2.3, K

√
np(B̂(τ)−B0(τ))

d−→ N(0, D−11 D0D
−1
1 ).

y²: dNight�ª

ρτ (u− v)− ρτ (u) = −vψτ (u) +

∫ v

0
[I(u ≤ s)− I(u ≤ 0)]ds,

Ù¥, ψτ (u) = τ − I(u < 0). ¿Pvil = tTl δi/
√
n, ��

Qnp(δ) =
p∑
l=1

ni∑
j=1

r∑
i=1

ρτ

(
yijl − tTl β0i (τ)−

tTl δi√
np

)
− ρτ (yijl − tTl β0i (τ))

=
p∑
l=1

ni∑
j=1

r∑
i=1
−
tTl δi√
np
ψτ (yijl − tTl β0i (τ))

+

∫ tTl δi/
√
np

0
[I(yijl ≤ tTl β0i (τ) + s)− I(yijl ≤ tTl β0i (τ))]ds

= − 1
√
p

p∑
l=1

ni∑
j=1

r∑
i=1

[ tTl δi√
n
ψτ (yijl − tTl β0i (τ))

−√p
∫ tTl δi/

√
np

0
[I(yijl ≤ tTl β0i (τ) + s)− I(yijl ≤ tTl β0i (τ))]ds

]
= − 1

√
p

p∑
l=1

ni∑
j=1

r∑
i=1

vilψτ (yijl − tTl β0i (τ))

+
p∑
l=1

ni∑
j=1

r∑
i=1

∫ tTl δi/
√
np

0
[I(yijl ≤ tTl β0i (τ) + s)− I(yijl ≤ tTl β0i (τ))]ds
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= − 1
√
p

p∑
l=1

ni∑
j=1

r∑
i=1

vilψτ (yijl − tTl β0i (τ))

+
1
√
p

p∑
l=1

ni∑
j=1

r∑
i=1

∫ vil

0

[
I
(
yijl ≤ tTl β0i (τ) +

t
√
p

)
− I(yijl ≤ tTl β0i (τ))

]
dt

=̂ Q(1)
np (δ) +Q(2)

np (δ),

Ù¥,

Q(1)
np (δ) = − 1

√
p

p∑
l=1

ni∑
j=1

r∑
i=1

vilψτ (yijl − tTl β0i (τ)),

Q(2)
np (δ) =

1
√
p

p∑
l=1

ni∑
j=1

r∑
i=1

∫ vil

0

[
I
(
yijl ≤ tTl β0i (τ) +

t
√
p

)
− I(yijl ≤ tTl β0i (τ))

]
dt.

PΩ = diag(ψτ (yijl − tTl βi(τ))), CT = 1TnpΩS/
√
n, K

Q(1)
np (δ) = − 1

√
p

1TnpΩS√
n

δ = − 1
√
p
CT δ.

du

E(Q(1)
np (δ)) = − 1

√
p

p∑
l=1

ni∑
j=1

r∑
i=1

vilE(ψτ (yijl − tTl β0i (τ))) = 0,

Var (C) =
1

n
Var (STΩ1np) =

1

n
STVar (Ω1np)S =

τ(1− τ)

n
STS,

¤±,

C0=̂−
1
√
p
C

d−→ N(0, D0).

e¡?Ø1�Ü©, Ï�

E(Q(2)
np (δ)) =

1
√
p

p∑
l=1

ni∑
j=1

r∑
i=1

∫ vil

0
Fijl

(
tTl β

0
i (τ) +

t
√
p

)
− Fijl(tTl β0i (τ))dt

=
1
√
p

p∑
l=1

ni∑
j=1

r∑
i=1

∫ vil

0
fijl(t

T
l β

0
i (τ))

t
√
p

dt

=
1

p

p∑
l=1

ni∑
j=1

r∑
i=1

fijl(t
T
l β

0
i (τ))

v2il
2

=
1

2p

p∑
l=1

ni∑
j=1

r∑
i=1

fijl(t
T
l β

0
i (τ))

v2il
2

( tTl δ√
n

)T( tTl δ√
n

)
=

1

2np

p∑
l=1

ni∑
j=1

r∑
i=1

fijl(t
T
l β

0
i (τ))δT tlt

T
l δ

=
1

2np
δTSTΦSδ.
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d^�2.3��, Var (Q
(2)
np (δ))→ 0, �

Q(2)
np (δ)

p−→ 1

2
δTD1δ.

-Q0(δ) = −δTC0 + (1/2)δTD1δ, δ̂0 = arg minQ0(δ), du

Qnp(δ)−Q0(δ)
p−→ 0,

�

δ̂ − δ̂0
p−→ 0.

du

δ̂0 = D−11 C0
d−→ N(0, D−11 D0D

−1
1 ),

�

δ̂
d−→ N(0, D−11 D0D

−1
1 ). �

ë � © z

[1] �ï#, O���.¥£8Xê����¦�O9Gauss-Markov½n, ênÚO�A^VÇ, 3(2)

(1988), 169–185.

[2] ÜF�, PCOKe)���.£8ëê
*�O�`û5, ó§êÆÆ�, 17(1)(2000), 113–116.

[3] pæ©, [u5, O���.��ëê�O, A^VÇÚO, 29(6)(2013), 655–665.

[4] M«ª, ©r, ö©ô, O���.¥�ëê�O, �®���ÆÑ��, 1996.

[5] ù��, )���.�^�BLU�O, êÆnØ�A^, 22(3)(2002), 47–50.

[6] îIÂ, 4p9, ?X#, ¹k�Å�A�O���.��
����¦�O, u¥���ÆÆ�(g,

�Æ�),38(4)(2004), 401–414.

[7] 4W², )���.�nÜ*�O, uÀ���ÆÆ�(g,�Æ�), 3(1999), 27–32.

[8] Wishart, J., Growth-rate determinations in nutrition studies with the bacon pig, and their analysis,

Biometrika, 30(1-2)(1938), 16–28.

[9] Potthoff, R.F. and Roy, S.N., A generalized multivariate analysis of variance model useful especially

for growth curve problems, Biometrika, 51(3-4)(1964), 313–326.

[10] Pan, J.X. and Fang, K.T., Growth Curve Models and Statistical Diagnostics, New York: Springer,

2002.

[11] Pan, J.X. and Fang, K.T., Growth Curve Models and Statistical Diagnostics – Mathematics Monograph

Series 8, Beijing: Science Press, 2007.

[12] Koenker, R. and Bassett, G., Regression quantiles, Econometrica, 46(1)(1978), 33–50.

[13] Bassett, G. and Koenker, R., Asymptotic theory of least absolute error regression, Journal of the

American Statistical Association, 73(363)(1978), 618–622.

[14] Koenker, R., Quantile Regression, Cambridge University Press, 2005.

《
应

用
概

率
统

计
》

版
权

所
有



302 A^VÇÚO 1n�ò

[15] Powell, J.L., Censored regression quantiles, Journal of Econometrics, 32(1)(1986), 143–155.

[16] Koenker, R. and Xiao, Z., Inference on the quantile regression process, Econometrica,70(4)(2002),

1583–1612.

[17] Koenker, R., Quantile regression for longitudinal data, Journal of Multivariate Analysis, 91(1)(2004),

74–89.

[18] Wong, C.S. and Cheng, H., Estimation in a growth curve model with singular covariance, Journal of

Statistical Planning and Inference, 97(2)(2001), 323–342.

Quantile Regression for Growth Curve Model

Zhang Yu

(College of Mathematics, Sichuan University, Chengdu, 610065 )

Liu Qian Zeng Linrui

(School of Finance and Statistics, East China Normal University, Shanghai, 200241 )

Growth curve model has broad application background, and plays an important role in some fields

such as economics, biology, medical research. Many of existing estimation of its parameter matrix have

been obtained based on the least squares method or maximum likelihood method. When distribution of the

error term is partial peak, or heavy tail, or there exist outliers, estimation obtained by least square method

will be invalid. The distribution of the error must be known in maximum likelihood estimation, which is

often not satisfied. Quantile regression method can compensate for these defects and the estimation has

good robustness. In this paper, quantile regression is used to give the estimation of growth curve model,

and its asymptotic normality.

Keywords: Growth curve model, quantile regression, asymptotic normality.
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