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Abstract

In this note, we prove the Borel-Cantelli lemma for capacity without pairwise independent

assumption. The best lower bound about union for capacity is obtained. Classical Borel-Cantelli

lemma is extended to the case of capacity.
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§1. Introduction

The celebrated Borel-Cantelli lemma states that if A1, A2, . . . is a sequence of events on

a probability space (Ω,F ,P) and if
∞∑
i=1

P(Ai) <∞, then P
( ∞⋂

n=1

∞⋃
i=n

Ai

)
= 0; if A1, A2, . . .

is a sequence of independent events and if
∞∑
i=1

P(Ai) = ∞, then P
( ∞⋂

n=1

∞⋃
i=n

Ai

)
= 1. This

lemma plays an important role in proving all theorems of the strong type in probability

theory. But since the assumption of independence in the second part, its application

is limited. Many investigations tried to replace the independence condition, for example,

Chung and Erdös (1952), Erdös and Rényi (1959), Kochen and Stone (1964), Bruss (1980),

Petrov (2002), etc. Chen et al. (2013) obtained Borel-Cantelli lemma for capacity to prove

strong laws of large numbers for capacities. Specifically, let {An, n ≥ 1} be a sequence of

events in F and (C,C) be a pair of capacities generated by sublinear expectation Esl.

(A) If
∞∑
i=1

C(Ai) <∞, then C
(

lim sup
i→∞

Ai

)
= 0;
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(B) If {An, n ≥ 1} are pairwise independent with respect to C, namely C
( ∞⋂

i=1
Ac

i

)
=

∞∐
i=1

C(Ac
i ) and if

∞∑
i=1

C(Ai) =∞, then C
(

lim sup
i→∞

Ai

)
= 1.

Motivated by the work of Chung and Erdös (1952), we investigate the Borel-Cantelli

lemma for capacity without the pairwise independent condition with respect to C. In this

note, we also give the best lower bound about union for capacity to prove our result.

§2. Preliminaries

In this section, we present some preliminaries in the theory of sublinear expectation

and capacity. More details of this section can be found in Peng (2006, 2010) and Denis et

al. (2011).

Definition 2.1 (see Peng, 2010) Let Ω be a given set and let H be a linear space of

real valued functions defined on Ω. We assume that all constants are in H and that X ∈ H
implies |X| ∈ H. H is considered as the space of our “random variables”. A nonlinear

expectation Esl on H is a functional Esl: H 7→ R satisfying the following properties: for all

X, Y ∈ H, we have

(a) Monotonicity: If X ≥ Y then Esl[X] ≥ Esl[Y ].

(b) Constant preserving: Esl[c] = c.

The triple (Ω,H,Esl) is called a nonlinear expectation space (compare with a prob-

ability space (Ω,F ,P)). We are mainly concerned with sublinear expectation where the

expectation Esl satisfies also

(c) Sub-additivity: Esl[X + Y ] ≤ Esl[X] + Esl[Y ].

(d) Positive homogeneity: Esl[λX] = λEsl[X], ∀λ ≥ 0.

If only (c) and (d) are satisfied, Esl is called a sublinear functional.

Hu and Peng (2009) showed that a sublinear expectation can be expressed as a supre-

mum of linear expectation, namely there exists a family of probability measures P on

(Ω,F) such that

Esl[X] = sup
P∈P

EP[X], X ∈ H.

For this P, we define

C(A) := sup
P∈P

EP[1A]; C(A) := inf
P∈P

EP[1A], ∀A ∈ F .

Obviously,

C(A) + C(Ac) = 1,
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where Ac is complement set of A.

Similarly, we define the minimum expectation as follows:

Emin[X] = inf
P∈P

EP[X], X ∈ H.

It is easy to check that C and C are two continuous capacities (see Choquet, 1954)

in the sense that

Definition 2.2 A set function V : F → [0, 1] is called a continuous capacity if it

satisfies

(1) V (∅) = 0, V (Ω) = 1.

(2) V (A) ≤ V (B), whenever A ⊂ B and A,B ∈ F .

(3) V (An) ↑ (↓)V (A), if An ↑ (↓)A, where An, A ∈ F .

Borel-Cantelli lemma is still true for capacities C and C under some assumptions.

Lemma 2.1 Let {An, n ≥ 1} be a sequence of events in F .

(1) If
∞∑
n=1

C(An) <∞, then C
( ∞⋂

n=1

∞⋃
i=n

Ai

)
= 0.

(2) If
∞∑
n=1

P(An) <∞ for some P ∈ P, then C
( ∞⋂

n=1

∞⋃
i=n

Ai

)
= 0.

(3) Suppose that {An, n ≥ 1} are pairwise independent with respect to C, i.e.,

C
( ∞⋂

i=1
Ac

i

)
=
∞∏
i=1

C(Ac
i ).

If
∞∑
n=1

C(An) =∞, then C
( ∞⋂

n=1

∞⋃
i=n

Ai

)
= 1.

(4) Suppose that {An, n ≥ 1} are pairwise independent with respect to C, i.e.,

C
( ∞⋂

i=1
Ac

i

)
=
∞∏
i=1

C(Ac
i ).

If
∞∑
n=1

C(An) =∞, then C
( ∞⋂

n=1

∞⋃
i=n

Ai

)
= 1.

The proof of Lemma 2.1 is similar to that of Chen et al. (2013), we omit it.

§3. Main Results

In this section, we shall present the Borel-Cantelli lemma for capacity without the

pairwise independent assumption.

Theorem 3.1 Let {Ak} be a sequence of events satisfying:

(I)
∞∑
k=1

C(Ak) =∞.
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(II) For every pair of positive integers m,n with n ≥ m there exist λ(m) and

M(n,m) > m such that for every k ≥M we have

C(AkA
c
m · · ·Ac

n) > λC(Ak)C(Ac
m · · ·Ac

n). (3.1)

(III) There exist two absolute constants λ1 and λ2 with the following property: to

each Aj there corresponds a set of events Aj1 , . . . , Ajs belonging to {Ak} such that

s∑
i=1

C(AjAji) < λ1C(Aj) (3.2)

and if k > j but Ak is not among the Aji (1 ≤ i ≤ s) then

C(AjAk) < λ2C(Ai)C(Ak). (3.3)

Then

C
(

lim sup
k→∞

Ak

)
= 1. (3.4)

Before proceeding to the proof we first prove an important lemma, which is the best

lower bound for union with respect to C.

Lemma 3.1 (Lower bound for union) Let {Bk}, k = 1, . . . , n, be an arbitrary

sequence of events in (Ω,F , C). If C
( n⋃

k=1

Bk

)
> 0, then

C
( n⋃

k=1

Bk

)
≥

( n∑
k=1

C(Bk)
)2

n∑
k=1

C(Bk) + 2
∑

1≤j<k≤n
C(BjBk)

. (3.5)

Proof Define random variables Xk(ω), ω ∈ Ω, as follows:

Xk(ω) =

1, if ω ∈ Bk,

0, if ω /∈ Bk.
(3.6)

We have the following inequality:

Esl

[( n∑
k=1

Xk

)2]
= Esl

[ n∑
k=1

X2
k + 2

∑
1≤j<k≤n

XjXk

]
≤

n∑
k=1

Esl[X
2
k ] + 2

∑
1≤j<k≤n

Esl[XjXk].

Note that the definition of Xk, we have

2
∑

1≤j<k≤n
C(BjBk) ≥ Esl

[( n∑
k=1

Xk

)2]
−

n∑
k=1

Esl[X
2
k ]. (3.7)
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Now by the Schwarz inequality we have[
Esl

[ n∑
k=1

Xk

]]2
=

[
Esl

[ n∑
k=1

XkI
( n∑

k=1

Xk > 0
)]]2

≤ C
( n∑

k=1

Xk > 0
)
Esl

[( n∑
k=1

Xk

)2]
.

On the other hand, we have[
Esl

[ n∑
k=1

Xk

]]2
≥
[
Emin

[ n∑
k=1

Xk

]]2
≥
[ n∑
k=1

Emin[Xk]
]2
,

thus [ n∑
k=1

Emin[Xk]
]2
≤ C

( n∑
k=1

Xk > 0
)
Esl

[( n∑
k=1

Xk

)2]
. (3.8)

Since Esl[Xk] = Esl[X
2
k ] = C(Bk), Emin[Xk] = C(Bk), C

( n∑
k=1

Xk > 0
)

= C
( n⋃

k=1

Bk

)
by

definition, (3.5) follows from (3.7) and (3.8). �

Proof of Theorem 3.1 Let

Dm =
∞⋃

k=m

Ak.

Since C
(

lim sup
k→∞

Ak

)
= lim

m→∞
C(Dm), it is sufficient to prove that C(Dm) = 1 for every

m. Suppose that this is not true for a certain m; let C(Dm) = 1− α, α > 0. Thus

C
( ∞⋂

k=m

Ac
k

)
= α > 0. (3.9)

From (3.1) and (3.9), if k > M(n), we have

C(AkA
c
m · · ·Ac

n) > λαC(Ak). (3.10)

Hence by (I) of Theorem 3.1,
∞∑

k=M(n)

C(AkA
c
m · · ·Ac

n) = ∞. Therefore there exists an

integer M ′(n) > M(n) such that

0 < ε0 <
M ′∑

k=M

C(AkA
c
m · · ·Ac

n) <
M ′∑

k=M

C(AkA
c
m · · ·Ac

n) ≤ β <∞. (3.11)

From (3.10) and (3.11), we obtain

M ′∑
k=M

C(Ak) <
β

λα
and

∑
M≤j<k≤M ′

C(Aj)C(Ak) <
1

2

( β
λα

)2
. (3.12)

From (3.2) and (3.3) of the Theorem 3.1 as well as (3.12), we have∑
M≤j<k≤M ′

C(AjAk) ≤ λ1
M ′∑

k=M

C(Ak) + λ2
∑

M≤j<k≤M ′
C(Aj)C(Ak)

<
λ1β

λα
+
λ2
2

( β
λα

)2
. (3.13)
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Let Fk = AkA
c
m · · ·Ac

n, M ≤ k ≤ M ′. It is obvious that Fk ⊆ Ak, hence by (3.12), we

obtain
M ′∑

k=M

C(Fk) ≤
M ′∑

k=M

C(Ak) <
β

λα
. (3.14)

Applying Lemma 3.1 to {Fk}, M ≤ k ≤M ′, and using (3.11) and (3.14), we obtain

2
∑

M≤j<k≤M ′
C(AjAk) ≥ 2

∑
M≤j<k≤M ′

C(FjFk)

≥
[
C
( M ′⋃

k=M

Fk

)]−1( M ′∑
k=M

C(Fk)
)2
−

M ′∑
k=M

C(Fk)

> 1 · ε20 −
β

λα
,

namely ∑
M≤j<k≤M ′

C(AjAk) >
ε20
2
− β

2λα
. (3.15)

But if we set ε0 = 1, β/(λα) = 1/2, λ1 = 1/8, λ2 = 1/2, combining (3.13) and (3.15), then

1

4
=
ε20
2
− β

2λα
<

∑
M≤j<k≤M ′

C(AjAk) <
λ1β

λα
+
λ2
2

( β
λα

)2
=

1

8
. (3.16)

We note (3.16) is contradictory. This contradiction proves that α = 0. Hence C(Dm) = 1,

that is C
(

lim sup
k→∞

Ak

)
= 1. The proof is complete. �
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tiarum Budapestinensis de Rolando Eötvös Nominatae: Sectio Mathematica, 2(1959), 93–109.

[3] Kochen, S. and Stone, C., A note on the Borel-Cantelli lemma, Illinois Journal of Mathematics,

8(2)(1964), 248–251.

[4] Bruss, F.T., A counterpart of the Borel-Cantelli lemma, Journal of Applied Probability, 17(4)(1980),

1094–1101.

[5] Petrov, V.V., A note on the Borel-Cantelli lemma, Statistics & Probability Letters, 58(3)(2002),

283–286.

[6] Chen, Z., Wu, P. and Li, B., A strong law of large numbers for non-additive probabilities, International

Journal of Approximate Reasoning, 54(3)(2013), 365–377.

[7] Peng, S., G-expectation, G-Brownian motion and related stochastic calculus of Itô’s type, in: Benth,
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