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��
²ïO\�²�î¼q,. ��Ø©lnØÚ�[ü��¡?1
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²�q,´3����eJÑ��«�ëêÚOíä�{, §kaquBootstrap�Ä
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Ã)�3(=à���)�¯K. Ïd, ÏéO�{ü!����Ãà���, ��²�q,

qäkaqÚO5���{w��~k7�. �éà���¯K, Chen�(2008)�Ñ
N

��²�q,�{. �éO�{üù�:, '�;.��{´²�î¼q,�{, ��Û

R(1994)¤�Ñ�XÚ?Ø.

N�²�q,�{�Ä�g�´3�kêâ:¥<�/V\��#�êâ:, rd:

��kêâÜ3�å|¤#���, ,�#|^²�q,�{. ù���±�y3��

��¤�Ä��§©ªk). N�²�q,�{¦+�±)ûà�¯K, �3N��du

<�Ï�, UC
��þ�, Ñy
��Øé¡¯K. �
�Ñù�"�, EmersonÚOwen

(2009)JÑé�©êâ3ëêý��üýÓ�?1?�, =²ïO\²�q,, ¿éÙ5�

\±?Ø.

,��¡, ²�î¼q,´^î¼ål�O²�q,¥�q,ål����«�ë

ê�{, §äk�²�q,��aq�5�. ¿�ÙO�{ü, k�p�í2d�. �²�

î¼q,E,vkâ»à���¯K. �
�Ñà���, q¦O�{ü, �BA^, ��

²(2011)3Chen�(2008)�Ä:þ, é²�î¼q,?1N�, ��
N�²�î¼q,

�{. aq/, ù«�{�k��Øé¡¯K.

�©Oy/ÏEmersonÚOwen (2009)�²ïO\²�q,g�, ?Ø²ïO\²�î

¼q,¼ê��E, nØþ�Ñ¤�²ïO\²�î¼q,'u��Hotelling T 2u��

m�éX±9�A�4�©Ù. ,�2lõ�êâ�¡, é¤��{?1�['�.

�©1�!�ÑÌ�g�Ú(Ø, 1n!0��[ïÄ(J, ���Ñ1�!Ì�(

Ø�y².

§2. Ì�¯KÚ(Ø

�X1, . . . , Xn�5goNX��|ÕáÓ©Ù (i.i.d.) d���, X�©Ù¼ê�F (�

�), θ = (θ1, θ2, . . . , θp)
T ∈ Θ�p���Oëê, r (r ≥ p)��þ¼êg(x, θ) = (g1(x, θ),

g2(x, θ), . . . , gr(x, θ))
T÷vEg(X, θ) = 0�¼êg�/ª®�, =g�Qin�Lawless (1994)¤

½Â�Ã �O¼ê. ·�F"é��þ�ëêθ?1Xeu�:

H0 : θ = θ0 ↔ H1 : θ 6= θ0, (2.1)

Ù¥θ0�®�ëêý�. dQin�Lawless (1994), 'u(2.1)�²�q,'u�¼ê�

R(θ) = sup
{ n∏

i=1
nωi

∣∣∣ n∑
i=1

ωig(Xi, θ) = 0, ωi ≥ 0,
n∑

i=1
ωi = 1

}
,

Ù¥ωi = F{Xi}�©Ù3Xi?�VÇ�þ, −2��²�éêq,'¼ê�

Wn(θ) = −2 logR(θ).
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dQin�Lawless (1994)¥½n2��, 3·���K^�e, Wn(θ0)�©ÙÂñugdÝ�

r�k��ÅCþχ2
r .

¯¢þ, log
n∏

i=1
nωi =

n∑
i=1

(logωi−log 1/n)�±w¤´:(ω1, ω2, . . . , ωn)T�:(1/n, 1/n,

. . . , 1/n)T�q,ål, g,���í2´^ùü:�î¼ål
n∑

i=1
(ωi − 1/n)25�Oq,å

l, Owen (1988)�âù�g�, �Ñ
²�î¼q,�½Â, =

R∗
E(θ) = inf

{ n∑
i=1

(
ωi −

1

n

)2∣∣∣ n∑
i=1

ωig(Xi, θ) = 0, ωi ≥ 0,
n∑

i=1
ωi = 1

}
.

²�(î¼)q,�{�cJ^�´þã8Ü¥ωi�3, =0�3g(Xi, θ)�à�SÜ, Ä

K¦)L§�UÃ). ���Nþn → ∞�, µ3g(Xi, θ)�à�SÜ�VÇ1¤á, �3

���p�êâe�´k�p�VÇ¦�0Ø3g(Xi, θ)�à�SÜ(��Tsao (2004)�?

�Ú?Ø). �éà�¯K, NõÆö?1L?Ø, XOwen (2001)�EÄ�(Bootstrap)!

BartlettN�!²�q,t�{!Bartolucci (2007)�¨v²�q,!±9Chen�(2008)Ú

EmersonÚOwen (2009)�N�²�q,�. �©Ì�8¥3EmersonÚOwen (2009)�²

ïO\N�g´þé²�î¼q,?1?Ø.

P

g = g(θ) =
1

n

n∑
i=1

g(Xi, θ), S =
1

n− 1

n∑
i=1

(g(Xi, θ)− g)(g(Xi, θ)− g)T.

b½Eg(X, θ0)g(X, θ0)
T�_, K�nv
��, S±VÇ1�_. éu�¯K(2.1), �±��

²�î¼q,u�¼êäkaqHotelling T 2u�¼ê/ª(��ÛR, 1994), =

T 2
E(θ) = ng(X, θ)TS−1g(X, θ).

XJg(X, θ) = X − θ�, du�¼ê3�5C�eäkØC5�`:, �3oNX©Ù�

d���©ÙNd(µ,Σ)�,
n− d

(n− 1)d
T 2
E(θ) ∼ Fd,n−d.

�d, r�½, n→∞�, Ù4�©Ù´χ2
r . -

v∗ = g(X, θ), r∗ = ‖v∗‖, u∗ =
v∗

r∗
,

�â²ïO\�g�(�EmersonÚOwen, 2009), ��©êâV\Xe�ü�êâ::

gn+1 = gn+1(θ) = −scu∗u∗, gn+2 = gn+2(θ) = 2g(θ) + scu∗u∗,

Ù¥cu∗ = ((u∗)TS−1u∗)−1/2, s�N�Ïf, �¡ò?�ÚQã. cu∗�±w�´��Ma-

halanobisål, �?Ø�B, d?Ø�b½P(g = 0) = 0, ù�ÒüØ
u∗Ã¿Â��¹.
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dd, rgn+1!gn+2��êâ:�3�å|¤#�êâ8, ,�2|^²�î¼q,�{,

�±��²ïO\�²�î¼q,�

R∗(θ) = inf
{ n+2∑

i=1

(
ωi −

1

n+ 2

)2∣∣∣ n+2∑
i=1

ωig(Xi, θ) = 0, ωi ≥ 0,
n+2∑
i=1

ωi = 1
}
. (2.2)

��BL�, Ø�Pgi = g(Xi, θ), i = 1, . . . , n. êâ8{g1, . . . , gn, gn+1, gn+2}¥, gn+1

− g�gn+2 − g����, �ål��, #�êâ8vkUCþ�. �g(X, θ) = X − θ�, ù

«N�äk�5ØC5(�EmersonÚOwen, 2009�·K4.1), �±;�u�¼êk.��

¹, äN�`³ë�EmersonÚOwen (2009)11172��?Ø. e¡·�?Ø�N�ÏfsC

z�, ²ïO\�²�î¼q,¼ê�Cz�¹, ?�Úuy²ïO\�²�î¼q,¼

ê��N��²�î¼q,u�¼ê�m�'X.

��B?Ø, ·�é�©êâ�XeIOzC�:

Zi = A−1(gi − g), i = 1, . . . , n,

Ù¥A�¢�mþ�_�r × r��_Ý
, ÷vAAT = S. dd´�Z = (1/n)
n∑

i=1
Zi = 0.

-η = −A−1g, v = Z − η = −η, r =‖ v ‖=‖ −η ‖, u = v/r = −η/ ‖ −η ‖. K−η = ru, ë

êθ�&E�¹3η¥. ddPÒ, ²�î¼q,¼ê�±{z�

T 2
E(η) = nr2uTu.

V\:gn+1!gn+2C�

Zn+1 = η − su, Zn+2(Z, η) = −η + su = (2r + s)u.

l, Zn+1 − η = −su, Zn+2 − η = −2η + su = (2r + s)u. d�²ïO\�²�î¼q,

�

R̃(η) = inf
{ n+2∑

i=1

(
ωi −

1

n+ 2

)2∣∣∣ n+2∑
i=1

ωiZi = θ, ωi ≥ 0,
n+2∑
i=1

ωi = 1
}
.

d.�KF¦f{, -

G = −1

2

n+2∑
i=1

((n+ 2)ωi − 1)2 − (n+ 2)tT
( n+2∑

i=1
ωi(Zi − η)

)
− λ

( n+2∑
i=1

ωi − 1
)
.

��
∂G

∂ωi
= −(n+ 2)((n+ 2)ωi − 1)− (n+ 2)tT(Zi − η)− λ = 0. (2.3)

é(2.3)ª����Òü>¦Ú�

(n+ 2)tT
n+2∑
i=1

(Zi − η) + λ(n+ 2) = 0.
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l

λ = −tT
n+2∑
i=1

(Zi − η) = (n+ 2)tTη.

�\(2.3)ª����ª�

ωi =
1

n+ 2
(1− tTZi).

d�

R̃(η) =
1

(n+ 2)2

n+2∑
i=1

(tTZi)
2 =

1

(n+ 2)2

n+2∑
i=1

tTZiZ
T
i t, (2.4)

Ù¥t÷v
1

n+ 2

n+2∑
i=1

(1− tTZi)(Zi − η) = 0. (2.5)

·�uyy�N�ÏfsCz�kXe(Ø:

½n 2.1 �X1, . . . , Xn�5goNX��|ÕáÓ©Ù (i.i.d.) d���, é�½�

��Nþn, �s→∞�,

2ns2R̃(η)→ T 2
E(η),

Ù¥, R̃(η)�(2.4)¤«, T 2
E(η)�'uëêη�²�î¼q,u�¼ê.

ùpN�Ïfs�'�, dV\:½Â, s = 0�, ��u�|^þ�?1²ïN�,

é�½���Nþn, sû½
²ïN�����à���. �Xsl0Cz�∞, u�¼ê�

N�åÝ�3Øä\�, ù`²3����¹e, ²ïO\�²�î¼q,UC
u�¼

ê�(�. duη´θ�¼ê, þã(Ø��±w�´'uθ�¼ê.

�Bu'�, ·�I����s�½�, 3"b�¤áeu�ÚOþ�4�©Ù. ¯¢

þ, aqu��² (2011)�y²g´, N´uyù�4�©Ù�χ2
r . �=kXe(Ø:

½n 2.2 �X1, . . . , Xn�5goNX��|ÕáÓ©Ù (i.i.d.) d���,b½Eg(X,

θ0)g(X, θ0)
T�_, é�½�N�Ïfs, �n→∞�,

n[n− 1 + 2(r + s)2]R∗(θ0)→ χ2
r ,

Ù¥R∗(θ)�(2.2)¤«. �=3"b�e²ïO\�²�î¼q,²�¼ê�4�©Ù

�χ2
r .

dþãü�(Ø, ·��±/Ï�[½Ù4�©Ù�E�A��O½u�. 3dÒØ

��[ã. þãü�½n����[�y²L§ò331o!�Ñ.

§3. �[ïÄ

3^²�(î¼)q,�{?1u��, "b�eu�ÚOþ�ý¢χ2©Ù�Ù4�©

Ù��å'��, ·�^�[êâ{ü`²ù�:. ·��oN�d = 4��IO��©Ù,
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��Nþ�n = 10, ©O^�N�²�q,Ú²�î¼q,�{�[3"b�eu�ÚO

þ�©Ù, ,��Ù4�©Ùχ2
4?1'�, �[Egê�1�g, Ù(JXã1¤«. ã¥

î�IL«χ2
4�© ê, p�IL«L«�[���²�© ê, ��L«^Ù4�©Ù

���(J(=±χ2
4�© ê�î�I, ±χ2

4�© ê�p�I); EL�L«^²�q,�

��(J(=±χ2
4�© ê�î�I, ±�[���²�q,© ê�p�I); EEL�L

«^²�î¼q,���(J(=±χ2
4�© ê�î�I, ±�[���²�î¼q,©

 ê�p�I). ã¥��þ�çÚ!/L«90%© :. ·���, nØþ²�q,Ú²

�î¼q,�4�©Ù´χ2
4, ¤±ã¥�EL�ÚEEL�ATk�ã¥���ÅìÂ �ª

³. �dã1�±wÑ, 3"b�e, ²�(î¼)q,u�ÚOþ©Ù�Ù4�©Ù�å�

�.
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ã1 ²�(î¼)© ê�4�© ê�'�

/ÏÓ���{, ·�'�N��{Ú²ïO\N��{��¹. �Bu'�, ·�

©OÀ�o�d = 4�©ÙoN, z�oNäkÕá��Ó�>S©Ù, ¤À��>S©Ù

3 ÝÚ¸Ý�¡Ñ¤«O, ±B�k�L5. ù
>S©Ù©O�IO��©ÙN(0, 1),

gdÝ�7�t©Ùt(7), k�©Ùχ2
1Ú1�gdÝ�4!1�gdÝ�10�F©ÙF (4, 10).

�>S©Ù�N(0, 1)�, Ù ÝÚ¸Ýþ�0; >S©Ù�t(7)�, Ù Ý�0, ¸Ý�2; >

S©Ù�χ2
1©Ù�, Ù Ý�2

√
2, ¸Ý�12; >S©Ù�F (4, 10)©Ù�, Ù Ý�4, ¸

Ý�54. ¤�Ä���Nþþ�n = 20. �¦ã/��*, ·�éÓ�©Ù�[êâ�²

�î¼q,(EEL)!N�²�î¼q,(AEEL)!²ïO\�²�î¼q,(BAEEL)±9

ÙéA�4�©Ù©Ox3�Üãþ?1'�, ��ã2¤«. 3|^N�²�î¼q,

(AEEL)�, N�Ïfan��log(log(n))/4; 3|^²ïO\�²�î¼q,(BAEEL)�,
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N�Ïfs��log(n)/2. �¤±ÀJ±þü«N�Ïf, ´Ï�ùü«N�ÏfØ=÷v

Ø©¥�k'�¦, ��[²�'��uy, 3Âñ�Ù4�©Ù�¡, ùü«N�Ïf

�k�Ð�Ly.
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ã2 © ê�© ê�'�ã

±N(0, 1)�~, ��L«^Ù4�©Ù���(J(=±χ2
4�© ê�î�I, ±χ2

4�

© ê�p�I); EEL�L«^²�î¼q,���(J(=±χ2
4�© ê�î�I,

±�[���²�î¼q,© ê�p�I); AEEL�L«^N�²�î¼q,��

�(J(=±χ2
4�© ê�î�I, ±�[���N�²�î¼q,© ê�p�I);

BAEEL�L«^²ïO\�²�î¼q,���(J(=±χ2
4�© ê�î�I, ±�[
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���²ïO\�²�î¼q,© ê�p�I). dã2�±wÑ, N�²�î¼q,�

Ù4�©Ùχ2
4�åÐ`uî¼q,, �390%© :�c`³Ø�, ²ïO\�²�î

¼q,K390© :��E�±�4�©Ùk�p���5. Ïd·��±`²ïO\

�²�î¼q,�Nþ`u²�î¼q,ÚN�²�î¼q,.

dc¡A!�(J�±uy, ²ïO\�²�î¼q,O�{ü, k�â»
DÚ²

�q,�à���, 5��Ð, ��?�Úí2ÚA^.

§4. ½n�y²

½n2.1�y²: d(2.5)ª, ¿|^S�Zi�5�, ´�

0 =
n+2∑
i=1

(Zi − η)−
n+2∑
i=1

tTZi(Zi − η)

= (n+ 2)ru−
n+2∑
i=1

(Zi − η)ZT
i t

= (n+ 2)ru−
n+2∑
i=1

ZiZ
T
i t.

?

t =
( 1

n+ 2

n+2∑
i=1

ZiZ
T
i

)−1
ru , B−1ru,

Ù¥

B =
1

n+ 2

n+2∑
i=1

ZiZ
T
i .

rt�L�ª�\(2.4)ª��

R̃(η) =
1

(n+ 2)2

n+2∑
i=1

tTZiZ
T
i t =

r2

n+ 2
uTB−1BB−1u =

r2

n+ 2
uTB−1u.



B =
1

n+ 2

n+2∑
i=1

ZiZ
T
i

=
1

n+ 2

( n∑
i=1

ZiZ
T
i + Zn+1Z

T
n+1 + Zn+2Z

T
n+2

)
=

1

n+ 2

( n∑
i=1

A−1(gi − g)(gi − g)TA−1 + 2(r + s)2uuT

)
=

1

n+ 2
((n− 1)Id + 2(r + s)2uuT) =

n− 1

n+ 2

(
Id +

2(r + s)2

n− 1
uuT

)
,

Ù¥IdL«d�ü 
. N´í�(
Id +

2(r + s)2

n− 1
uuT

)−1
= Id −

2(r + s)2

n− 1 + 2(r + s)2
uuT.
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¤±

B−1 =
n+ 2

n− 1

[
Id −

2(r + s)2

n− 1 + 2(r + s)2
uuT

]
.

l

R̃(η) =
r2

n+ 2
uTB−1u

=
r2

n− 1
uTu− r2

n− 1

2(r + s)2

n− 1 + 2(r + s)2
uTu

=
1

n− 1 + 2(r + s)2
r2uTu.

dd, w,��é�½���Nþn, �s→∞�,

2ns2R̃(η)→ T 2
E(η).

½ny.. �

½n2.2�y²: s�½, �n→∞�, d½n2.1�y²L§, w,k

n[n− 1 + 2(r + s)2]R∗(θ0) = n[n− 1 + 2(r + s)2]R̃(η) = nr2uTu→ χ2
r .

½ny.. �
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Balanced Augmented Empirical Euclidean Likelihood

Shen Qunhai1 Huang Yunsheng2 Zhang Junjian1

(1School of Mathematics and Statistics, Guangxi Normal University, Guilin, 541004 )

(2Kaifeng Vocational College of Culture and Arts, Kaifeng, 475004 )

Empirical (Euclidean) likelihood is a very popular nonparametric statistical method in recent years.

In view of the convex hull restrictions and complex calculation of empirical (Euclidean) likelihood, the

balanced augmented empirical Euclidean likelihood (BAEEL) is proposed by using the idea of Emerson

and Owen (2009). Then the BAEEL method is investigated from two aspects of theory and simulation. In

theory, the connection between BAEEL method and the empirical Euclidean likelihood method is deduced.

That is, with fixed sample size and the continuous varied location of augmented points, the test can be

varied from the simple mean augmented empirical Euclidean likelihood to empirical Euclidean likelihood

test. Simulation results show that the distribution of the BAEEL converges its limit distribution more

rapidly than that of the (adjusted) empirical Euclidean likelihood in most cases.

Keywords: Empirical euclidean likelihood, convex hull restrictions, balanced augmentation.
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