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§1. Ú ó

¯¤±�, pÂÃo´��pºx. ºx���Ò´Ø(½5, duÝ]|Ü�£�Ç

´Ø(½�, Ïd?ÛÝ]Ñäkºx. VÇØ�ênÚOÒ´?nù«Ø(½5(ºx)

�Æ�. 3VÇÚO¥, ��^�ÅCþ5£ãºx(Ø(½5). b½ºx�ÅCþXäk

,�VÇ©ÙFX(x). ºxÝþ�l�mχ = {X : X��K�ÅCþ}�R���¢¼ê.

3¢S�ºx+n¥, 3xd�(Value at Risk, {P�VaR)´�«­��ºxÝþ�

{. ë�Gelman�(1995), Szegö (2005), Denuit�(2005)�. VaR (Value at Risk)���¡

�“ºxd�”½“3xd�”, �3�½��&Y²e, ,�7K]�(½y |Ü)3�5A

½��ã�mS����U��. 3�~�½|�¹e, VaR´�~k^�ºxÝþóä,

37Kºx+n¥k­��A^, ë��²)�(2005), Puccetti�(2013)�. ¯¢þ, lê

Æ��Ýw, ºxX�VaR¢SþÒ´X�α© ê: VaRα(X) = F−1
X (α).

�´, 3¢S$^¥, duºx�ÅCþX�©Ù�6u,
ºxëêθ. ùpºxë

êθ��L«ºxX�,
A�, ~X3ð�1nöI?�x¥, θL«��x<�5O, c

#, f#, ����¢�ºxX�'�þ. duºx��àg5, ��b�θ�Ø�*ÿ��

ÅCþ, ����(2010), Pan�(2008), WuÚZhou (2006), Wen�(2011)�. ù�, ºxX

3θ�½e�^�VÇ©Ù�FX(x|θ). duVaRºxÝþ�6uºxëêθ, Ï
�´��
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�. ��/, ·�éºxX�G¹äkeZc�*ÿ�. �X1, X2, . . . , Xn´ºxX3θ�½

e�eZ*ÿ�, ·��8I´Äuù
��&EÚθ�,
k�&EéVaR?1�O½

?1?�Ú�ÚOíä.

3± �©z¥, éVaR��Okõ«�{, ~X{¤�[{!�AkÛ�[{�. �

ÿ�(2011)éù
O��{?1
��¦�'�Ú©a, ¿�?Ø
�«�{�A:. �

'�ïÄ�ë��Z|�(2008), 
l(2011)�. ,
, ù
�{==|^
��Nþ�&

E, �Ñ
ºxëêθ�k�©Ù�­�&E.

�©ò3��dµeeïáVaR��O�., ¿©|^®k&EéVaRºxÝþ?1

�O, ¿�y�O����5�. �©�¡�Ù!SüXe. 1�!�ÑVaRºxÝþ�½

Â9�'5�, ¿�Ñ��d�.�Ä�b�ÚI�)û�¯K. 1n!�ÑVaRÝþ�

��d�O, ¿?Ø�A�5�. 1o!3�ê –³ê�.e?ØVaR���d�O9Ù

�Ü5ÚìC��5. ���!�ÑVaRÝþ�ê��[, �yù
�O�Âñ�Ý, ¿�

Ñ�©�(Ø.

§2. VaRºxÝþ

�X7K½|�uÐ, <�¡��ºx�5�E,, ºx´�5���Ø(½5. XÛ

éºx?1�O(�Ýþ¤�7Kºx+n�­��K. 3xd�VaR (Value-at-Risk)�

Ñy¦�é7K]�|Ü3�½�ÏS�½�&Ýe����U��?1þz¤�
�

U. 8c, VaR¤�7Kºx+nXÚ¥Ýþ7Kºx��~^�{��.

½Â 2.1 �ºxX�©Ù¼ê�FX(x), �½���&Y²α ∈ (0, 1), KºxX�

VaR½Â�X�α© ê, P�VaRα(X)½xα, =

VaRα(X) = inf{x ∈ R : FX(x) ≥ α}. (2.1)

5¿�VaRα(X)Ù¢Ò´FX(x)�2Â_3100α%?��, VaRÒ´Ø�L�½VÇα

�����. 3¢S$^¥, ���α = 0.95½α = 0.99.

5P 1 �âVaR�½Â, é?¿�0 < α < 1, Ñ�3���−∞ < VaRα(X) <∞,

÷vP(X < VaRα(X)) ≤ α±9FX(VaRα(X)) ≥ α. ,	, é?¿x ∈ R, kVaRα(X) ≤
x⇐⇒ FX(x) ≥ α¤á.

5P 2 VaRα(X)'uα´�ëY�O¼ê. XJFX(x)´ëY�î�4O¼ê, K

VaRα(X)´�§FX(x) = α���).

3¢S$^¥, duºx��´���, Ï
Ù©Ù¼êFX(x)�´���. ,
, z

°ºxò¥yØÓ�A�, ~X3�Âã��x¥, �Â�ïÓ(�, /n �, ¢�±

9�Â�¦^�¹�. ù
A�k
´�±*ÿ�, 
k
´Ã{*ÿ�. ò¤kù
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ºxA��nÜ^�ÅCþθ5�x, 3ºx+n¥θ�¡�ºxëê. duéºxëêk

�½�@£, 3VÇÚO¥b�ù
@£/¤,�k�©Ùπ(θ). ù�3θ�½^�e, º

xX�^�©ÙP�FX(x|θ). ·��8I´ÏL*ÿ����&EX1, X2, . . . , Xn±9®

k�k�&Eπ(θ)éºxX�VaRºxÝþ?1�O.

�d, ·�JÑe¡�b�.

b� 2.1 K�ºxX�¤kÏ�nÜ^�ÅCþθ5�x, ¡θ�ºxëê, b�θÑ

lk�©Ù(�Ý)π(θ).

b� 2.2 �½θ�, X1, X2, . . . , Xn�X�ÕáÓ©Ù��, äk�Ó�VÇ©Ù¼

êFX(x|θ), ±9�Ý¼êf(x|θ).

��B, PXn = (X1, X2, . . . , Xn)′L«��. duX�VaRºxÝþd��6uºx

ëêθ, Ïd¡��^�VaRºxÝþ, ¿P�Vα(θ), =k

Vα(θ) = F−1
X (α|θ).

§3. ���.eVaR���d�O

3c¡�b�e, ·��8�´éVα(θ)JÑÜ·��O. 5¿�, e���¼ê

L(X, p) = (X − p)[α− I(X < p)], (3.1)

K3�½θe, Vα(θ)´ºxX��`ýÿ(duºxX´�ÅCþ, d���¡éX?1ý

ÿ, �3Ø· ��¹e�¡��O, eÓ).

·K 3.1 e�½ºxëêθ, ¿���¼ê(3.1), KºxX��`ýÿ�Vα(θ), =

k

Vα(θ) = arg min
p(θ)∈R

E[L(X, p(θ))|θ]. (3.2)

y²: -Ψ = E[L(X, p(θ))|θ]. du3¦þ¡���zêÆÏ"¥θ´�½�, Ïd

Ø�Pp(θ) = p, ¿r^�Ï"w¤Ã^�Ï". Ïdk

Ψ = E[(X − p)[α− I(X < p)]|θ]

= (α− 1)

∫ p

0
(x− p)dFX(x|θ) + α

∫ +∞

p
(x− p)dFX(x|θ)

= (α− 1)

∫ p

0
xdFX(x|θ)− (α− 1)pFX(p|θ)

+ α

∫ +∞

p
xdFX(x|θ)− αp[1− FX(p|θ)].
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éΨ¥'up¦�, ¿-�ê�", K��e¡��§:

∂Ψ

∂p
= (α− 1)pf(p|θ)− (α− 1)FX(p|θ)− (α− 1)pf(p|θ)

− αpf(p|θ)− α[1− FX(p|θ)] + αpf(p|θ) = 0. (3.3)

²L�
êÆþ�z{��

FX(p|θ)− α = 0. (3.4)

Ïdk

p = p(θ) = F−1
X (α|θ) = Vα(θ). �

5P 3 ��¼ê(3.1)´© ê£8�.¥~^��«��¼ê, 3ênÚO¥�

¡�u�¼ê. ��/, 3© ê£8¥, P

ρτ (u) = u(τ − I(u < 0)). (3.5)

ek��{(xi, yi)|ni=1}, �÷ve¡��5�.yi = xiβ + εi,

Eεi = 0, Var (εi) = σ2,

K¦)e¡���z¯K

min
β∈RP

n∑
i=1

ρτ (yi − xiβ), (3.6)

��β�© ê£8�O, ùpτ ∈ (0, 1)�®����VÇ(�©Pα). 'uu�¼ê(3.5)

9�'© ê£8�ïÄ�ë�Koenker (2005), ZouÚYuan (2008), Kai�(2010)�.

�â·K3.1, ^�ºxÝþVα(θ)´ºxX3��¼ê(3.1)��`ýÿ. duVα(θ)�

6uØ�*ÿ�ºxëêθ, Ï
�´���, I��â®k�&E5�O(ýÿ). du·

�kºxX�n�*ÿ�Xn = (X1, X2, . . . , Xn)′. ·��8I´ÏL(Ü��XnÚk�©

Ù&E, ���5ºxXn+1 (½ºxX)��`ýÿ.

�d, ½Â����ÿ¼êa

Γ = {g(X1, . . . , Xn) :Ù¥g(X1, . . . , Xn)´Xn��ÿ¼ê}.

¿�Ñe¡�Ún.

Ún 3.1 3��d�.�b�e, ��z¯K

min
g∈Γ

E[L(X, g(Xn))]

�)�

min
g∈Γ

E[L(X, g(Xn))|Xn]

�)´�d�.
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y²: �
ÎÒ��B, PR(g) = E[L(X, g(Xn))], R(g|xn) = E[L(X, g(xn))|Xn =

xn], g∗ = arg min
g∈Γ

R(g), ±9g∗∗ = arg min
g∈Γ

R(g|xn). dFoutouÚnk

R(g∗) = min
g∈Γ

∫
E[L(X, g(xn))|Xn = xn]u(xn)dxn

≥
∫

min
g∈Γ

E[L(X, g(xn))|Xn = xn]u(xn)dxn

=

∫
R(g∗∗|xn)u(xn)dxn = R(g∗∗) ≥ min

g∈Γ
R(g)

= R(g∗),

Ù¥u(xn)L«xn�>S�Ý. ,��¡, lþ¡�ªf��∫
(R(g∗|xn)−R(g∗∗|xn))u(xn)dxn = 0. (3.7)


dg∗∗�½Â�R(g∗|xn)−R(g∗∗|xn) ≥ 0. Ïdk

R(g∗|xn) = R(g∗∗|xn) = min
g∈Γ

R(g|xn). � (3.8)

�âÚn3.1, N´��e¡�½n.

½n 3.1 PΠ(x|Xn)��½��XneXn+1�ýÿ©Ù¼ê. K3��¼ê(3.1)

e, ¦)��z¯K

min
g∈Γ

E[L(Xn+1, g(Xn))] = min
g∈Γ

E[(Xn+1 − g(Xn))(α− I(Xn+1 < g(Xn)))], (3.9)

���5ºxXn+1��`�O(ýÿ)�Xn+1�ýÿ©ÙΠ(x|Xn)3α?�© ê, =

g(Xn) = Π−1(α|Xn), (3.10)

Ù¥Π(x|Xn) = P(Xn+1 ≤ x|Xn)�Xn+1�ýÿ©Ù¼ê.

y²: -

G = E[(X − g(Xn))(α− I(X < g(Xn)))|Xn].

�âÚn3.1, ¦)(3.9)�du¦)G����. du3Xn�½e, g(Xn)´���½�~

ê, P�g. Ïdk

G = (α− 1)

∫ g

0
(x− g)dΠ(x|Xn) + α

∫ +∞

g
(x− g)dΠ(x|Xn). (3.11)

éG'ug¦�¿-�ê�", ��e¡��5�§:

∂G

∂g
= Π(g|Xn)− α = 0, (3.12)

)�g = g(Xn) = Π−1(α|Xn). �
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5P 4 5¿��½��Xn = xne, Xn+1�ýÿ©Ù¼êéA��Ý¼ê�

π(x|Xn) =

∫
π(θ)f(x|θ)

n∏
i=1

f(xi|θ)dθ∫
π(θ)

n∏
i=1

f(xi|θ)dθ
. (3.13)

w,, ýÿ©Ù3α?�© êΠ−1(α|Xn)�L��~E,, ��vkw«L�ª. �3,


AÏ�¹e, U¦)ÑΠ−1(α|Xn)äN�L�ª.

5P 5 ½n3.1´ÏL��z��¼ê(3.1)�^�Ï"��3xd������d

�O(ýÿ). ù«ÏL��z,«ÿÝéA���¼ê�{3�¤½d¥k­��A^.

~XBühlmann (1967)3²���¼êe�ï
À�¤�&Ý�O, Gerber (1980)3�ê

\���¼êe�ï
Esscher�¤�&Ý�O, Wen�(2009)32Â\���¼êe?Ø


2Â\��¤���d�OÚ&Ý�O�.

5P 6 5¿�3��d�.�b�2.1-2.2e, ,	�«ýÿ�5ºxXn+1�VaR

��{´: Äk�â��d½n, ^θ���þ�E(θ|X1, . . . , Xn)�Oθ, ?
�âVα(θ) =

F−1
X (α|θ)��Vα(θ)��O, ¿^T�O5ýÿ�5ºxXn+1�3xd�. �´, du��

þ�éA�´²���, dd��3xd����d�OØ2äk½n3.1¥��`5.

§4. �ê –³ê�.e3xd�Ýþ���d�O

�
`²VaRºxÝþ��`ýÿ(3.10)�O�9Ù5�, ·��Äe¡��ê –³ê

�..

�ºxëêθÑlGamma©Ù, äk�Ý¼êπ(θ) = [βλ/Γ(λ)]θλ−1e−βθ, θ > 0, 
3θ

�½e,ºxXi, i = 1, . . . , n, n+1äk�ê©Ù,Ù�Ó�^��Ý�f(x|θ) = θe−θx, x >

0. d�N´O���∫
π(θ)

n∏
i=1

f(xi|θ)dθ =

∫
βλ

Γ(λ)
θλ+n−1e−(β+nx)θdθ =

βλ

Γ(λ)

Γ(n+ λ)

(β + nx)n+λ

±9 ∫
π(θ)f(x|θ)

n∏
i=1

f(xi|θ)dθ =
βλ

Γ(λ)

Γ(n+ λ+ 1)

(β + nx+ x)n+λ+1
,

Ïdk

π(x|xn) =
(n+ λ)(β + nx)n+λ

(β + nx+ x)n+λ+1
. (4.1)

�±wÑπ(x|xn)´Pareto©Ù, Ù©Ù¼ê�

Π(x|xn) =

∫ x

0

(n+ λ)(β + nx)n+λ

(β + nx+ s)n+λ+1
ds = 1−

( β + nx

β + nx+ x

)n+λ
. (4.2)
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-Π(x|xn) = α, K

Π−1(α|xn) = (β + nx)[(1− α)−1/(n+λ) − 1]. (4.3)

Ïd^�VaR���d�O�

V̂α(θ) = (β + nX)[(1− α)−1/(n+λ) − 1]. (4.4)

�
�Ð�?Ø�ê –³ê�.e�O(4.4)�ÚO5�, �Ñe¡�Ún.

Ún 4.1 �γ ∈ (0, 1), Ke¡�4�¤á

lim
x→+∞

x(1− γ1/x) = ln
1

γ
. (4.5)

?�Ú/, k

lim
x→+∞

√
x
[
x(1− γ1/x)− ln

1

γ

]
= 0. (4.6)

y²: �â4����{ÚÛ'�{Kk

lim
x→+∞

x(1− γ1/x) = lim
x→0+

(1− γx)

x
= lim

x→0+
[−γx ln(γ)] = ln

1

γ
.

aq/, üg|^4��Û'�{K, k

lim
x→+∞

√
x
[
x(1− γ1/x)− ln

1

γ

]
= lim

x→0+

x−1(1− γx)− ln(1/γ)√
x

= lim
x→0+

(1− γx)− x ln(1/γ)

x3/2

= lim
x→0+

−γx ln γ − ln(1/γ)

(3/2)x1/2

= lim
x→0+

2(γx − 1) ln(1/γ)

3x1/2

= lim
x→0+

4γx ln γ ln(1/γ)

3x−1/2

= 0. �

e¡·��Ä�O(4.4)�r�Ü5ÚìC��5.

·K 4.1 eºxëêθÑlGamma(λ, β)©Ù, �3θ�½e, ºxXi, i = 1, . . . , n,

n + 1�pÕá¿�ÑÑl�ê©Ùf(x|θ) = θe−θx, x > 0. KVaRÝþ���d�O(4.4)

´Vα(θ)�r�Ü�O.

y²: 5¿�, 3�ê –³ê�.e, ^�VaRºxÝþ�

Vα(θ) =
1

θ
ln
( 1

1− α

)
. (4.7)
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�â(4.5), -α = 1− γ, Kk

lim
n→∞

n
(
1− (1− α)1/n

)
= ln

1

1− α
.

Ïdk

lim
n→∞

n
(
(1− α)−1/(n+λ) − 1

)
= lim

n→∞

n
(
1− (1− α)1/(n+λ)

)
(1− α)1/(n+λ)

= ln
1

1− α
.

�âr�ê½Æ, K

X → E(X|θ) =
1

θ
, a.s.,

Ïd

V̂α(θ) = (β + nX)
[
(1− α)−1/(n+λ) − 1

]
=
(β
n

+X
){
n
[
(1− α)−1/(n+λ) − 1

]}
→ 1

θ
ln
( 1

1− α

)
= Vα(θ). �

·K 4.2 eºxëêθÑlGamma(λ, β)©Ù, �3θ�½e, ºxXi, i = 1, . . . , n,

n + 1�pÕáÑl�ê©Ùf(x|θ) = θe−θx, x > 0. KVaRÝþ���d�O(4.4)´ìC

��5�, =k
√
n(V̂α(θ)− Vα(θ))

L→ N
(

0,
( ln(1− α)

θ

)2)
.

y²: �â(4.6), �α = 1− γ, K

lim
n→∞

√
n
[
n
(
1− (1− α)1/(n+λ)

)
− ln

1

(1− α)

]
= 0. (4.8)

dÕáÓ©Ù�¥%4�½n, k

√
n
(
X − 1

θ

)
L→ N

(
0,

1

θ2

)
. (4.9)

PY
∆
= N(0, 1/θ2), 5¿�

√
n
((
X +

β

n

)
− 1

θ

)
−
√
n
(
X − 1

θ

)
=

β√
n

P→ 0, (4.10)

K�âSlustky½n, k
√
n
((
X +

β

n

)
− 1

θ

)
L→ Y.
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?
, duβ/n+X → 1/θ, a.s., Ïd��

√
n
((β

n
+X

)n[(1− α)−1/(n+λ) − 1
]

ln[1/(1− α)]
− 1

θ

)
−
√
n
((
X +

β

n

)
− 1

θ

)
=
(β
n

+X
)√

n
{n[(1− α)−1/(n+λ) − 1

]
ln[1/(1− α)]

− 1
}

=
(β
n

+X
)√n{n[(1− α)−1/(n+λ) − 1

]
− ln[1/(1− α)]

}
ln[1/(1− α)]

→ 0.

�âSlustky½n��

√
n
((β

n
+X

)n[(1− α)−1/(n+λ) − 1
]

ln[1/(1− α)]
− 1

θ

)
L→ Y,

?
,

√
n
((β

n
+X

)
n
[
(1− α)−1/(n+λ) − 1

]
− 1

θ
ln
( 1

1− α

))
= ln

( 1

1− α

)√
n
((β

n
+X

)n[(1− α)−1/(n+λ) − 1
]

ln[1/(1− α)]
− 1

θ

)
L→ Y ln

( 1

1− α

)
,

=k
√
n(V̂α(θ)− Vα(θ))

L→ N
(

0,
( ln(1− α)

θ

)2)
. �

5P 7 ·K4.1�4.2©O�Ñ
�ê –³ê�.e3xd�Ýþ��d�O�r�

Ü5ÚìC��5. 3�����d�.e, duVaR���d�O(3.10)vkw«L�

ª, Ïd�O����5�éJy². ,
, 3�5^�e, ��©Ù´�Ü�, =k

π(θ|Xn)→ Pθ, a.s., (4.11)

Ù¥Pθ�θ?�òz©Ù, �ë�Barron�(1999), Walker (2004)�. Ïd3�½^�e, k

Π(x|Xn) =

∫
FX(x|θ)π(θ|Xn)dθ → FX(x|θ), a.s.,

?
k

V̂α(θ) = Π−1(α|Xn)→ F−1
X (x|θ) = Vα(θ).

'uù
�ª�î�y²�Ñ�©�Ä���.
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§5. ê��[

�
lê�þ�yVARºxÝþ���d�O����5�9Âñ��Ý. ·�é�

ê –³ê�.eVaR���d�O?1ê��[. �α = 0.95, λ = 2, β = 4, éØÓ�θÚ

��Nþn, 310000g­Ee, O��O�²þ�Úþ�IO�, ��eL.

L1 �ê –³ê�.eVaRºxÝþ���d�O(α = 0.95)

n = 20 n = 100

θ Vα(θ) V̂α(θ) SE1 Vn SE2 Vα(θ) V̂α(θ) MSE

θ = 0.3 9.9858 10.2797 2.1844 8.6377 2.8983 9.9858 10.0592 0.9952 9.6912 1.4054

θ = 0.6 4.9929 5.4476 1.1906 4.3346 1.4575 4.9929 5.0872 0.5022 4.8381 0.7014

θ = 0.9 3.3286 3.8198 0.8808 2.8883 0.9744 3.3286 3.4304 0.3456 3.2309 0.4728

θ = 1.2 2.4964 3.0081 0.7429 2.1524 0.7433 2.4964 2.5999 0.2717 2.4148 0.3540

θ = 1.5 1.9972 2.5318 0.6877 1.7349 0.6399 1.9972 2.1054 0.2277 1.9356 0.2820

þL¥V̂α(θ)ÚVn©OL«3xd�Ýþ���d�O±9��α© ê(Vnvk|

^?Ûk�&E), 
SE1ÚSE2©O´§��þ�IO�, lL¥�±wÑ, ��kSE1 <

SE2, AO���NþO\�, ��d�OV̂α(θ)��'VnÐ. ,	, l��d�O��5

w, ���Nþ���, �O�þ�Ø�Ñé�(~Xn = 20, θ = 1.2�, þ�Ø��=�

0.74292 = 0.5519), ÷v¢S¦^�I�.
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Bayesian Estimation of Value at Risk Measure under

Exponential-Gamma Models

Zhang Yi1 Zhou Dongqiong2 Wen Limin1,3

(1School of Mathematics and Information Science, Jiangxi Normal University, Nanchang, 330022 )
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VaR measure has important applications in finance and insurance practice. In this paper, the Bayesian

models are established. Under some loss function, the Bayeian estimate of VaR is derived. In addition,

we prove the strongly consistency and asymptotic normality for the Bayesian estimation of VaR under

exponential-Gamma model. Finally, the numerical simulation is done to verify the convergence rate of the

estimate of VaR with different sample sizes.

Keywords: Value at risk measure, Bayesian estimation, loss function, strong consistency, asymp-

totic normality.
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