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Abstraot 

The problem of statistloal inferences about fun64ions of popm 怖 quan I帮 i日oo~ dered． 

The asymp~olio distributions 0f functions of sample quantiles are norma1
． W e propose estJⅢa 

tors of the variances and~ovsrianoes of the asymptotic d~stribution by the j~kknifo method 

and establish lheir coasisLency．The results provide asymptotically valid pr(X~ urss for statis- 

t1oal in~erencos． 

§1．Introd uction 

In statisti．ea]applioatJons．frequently the quantiNes of intereSt m  the quBntiles of 

the unknown populatlon．Le*F be a distribution fun~ion．Define Q( )一inf{ F( ) 

≥ for 0< <1．The jo—quBnti1e(o< <1)of i th钮 Q( )． We eonsidor the 

ge1]owing general k-SampleS problem．1 ．J一1，⋯， ．be unknown population 

dJstributions and be the T~-quanti]e of Fj 一 1，⋯ ， ， with O<p“< 1． Denote 

善  ̂by K．The unknown parameter of in~ereSt is O=g( )，whore is the孟_．v。0衄 

( ⋯ l1_ ⋯． 口，⋯，  ̂．·“，脚 ) (1．1) 

and g is B oontlnuous and differentJable funo~ion from R to RL is a fixed in搬 er)
． 

The simplest example of this type of problem is the comparison of two populati0n 

medians and m (BsSumed to be nonzero)and 一阻／ ．Let％，t一1，⋯． ，be 

independent and Jdontiea]ly distributed(j．i．d．)S~mples from毋．I七is desired t0 12：1Bk9 

statistical inferences(suoh as oonS~ruetion of a oonfidenc~region for based on the 
data∞ I

．  

For esoh ，denote the em pirioal distribution funotion correSponding to 
． ⋯ t 

by ．The samplep~一quantile Js defined to be l—inf如： )≥pH} z—l，⋯，h 。 

Lot应be the veotor given in (1．1) w th f，rep]aoed by五 ．A point~Stimat0r of 妇 

then 一g(卢)．Under mild eondJtions ；exisis and ig pos[tire at each )， 

口 一 Ⅳ 0，占)． (1．2) 

where-->g denotes sonvergenee in dis~ribuLJon
． 三一[。 ( )] V[vg( )]．可 ( )，is the 
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grBdient matrix of at and[vg( )] 曲it吕transpOSe， —block diagonal[ l，⋯， 

and for eaoh j， is an hj×hj symme~rio matrix whose (z， )th element i8 

H(1一 玎)／[ }( f )F}( )]，z≤ ． 
Since the varlanoo~ ovarLanoo m atrJx 三 曲 unknown．it is crucial to havo a oonsiS- 

tent esthna~or of占 for the purposes of eva]uating tIle aOeuraoy of and making other 

S~atlStieal inferences The jaokknife(Quenouille，1956；Tukey，1958)provides a oonven— 
ient and powerful m ethod of estimai[ng 三． For the present problem

．
the oustom ary 

d．e]e~-i jaokknife provides jnoon8istent estimator of占 (Effort，1982)．For general 

de]ete-d jaokknife estimator of三 (see Section 2)，Shao and Wu (1989)es~abllshed its 

~onsiStonoy for d 。。驰 the sample size  ̈ 。。．~Z[owever． a diroo％ applleatlon of the 

resu]t in Shao and Wu(1989，Example 1)to the present problem noods to aSSume thBt 

Var exits and n Var 占 驰 忡 。。．The existenoo of、 曲 B restrictive condition 

sinoo it does not hold for oommon]y used functions suoh as the ratio of quan~iles． 

Furthermore，the eondit~on ％Var 占 may notb。easy to oheok oven if Var exists． 

In this paper，we establish the oonsJstenoy of the de]ete-d jaekki1 ife estimator& 

(2．1)and (m)(2．2)(for d 。。 B oertain rate)without assuming any moment 

condition on ．The distribution of 一0 can then be approximated byⅣ(0，宝 )(or 

Ⅳ(0．昌(m)／ )and therefore StatiStJoaI inferences can b。made based on it．Note tht 

th ds approaoh ig nonpa rametr~，出丑。e we do not 8 u m e th时  b~longs to a param ~- 

tri0 fam ily． 

§2．The delete—d jackknife and its consistency 

Let be the％× matrJx~vhose ( ， )th element捆the observation 嘶．Then the 

poln~estJmato~0一 (应)oan be written 8 ( )．For given 髓，let d阜d <¨be an 

integer and矿一 一̈d．Let r be the eo]]e~ion of subsets of{1，⋯， }wh~oh hBve SiZe r． 

The number of element目in s 一( )．For s一{ 1，⋯， r)∈ let ．be掘e目ubm— 
atrL~of oonslst~ng of the th，⋯， th rOWS of and 一 (互 )．The de]ete~ 

jackknife estimator f三is 

一 詈 ，( 。 1 ， )( 一 羔 ) ． (。． ) 

N0七e七h when b。th件Bnd d盱e lB ge，Ⅳ一(：)妇V。Ty la Bnd the eomputati。n 
of宝 1s oumberSome．In some Gases，耋 oan be represented as a funoti0n 0f tl帕 0rder 

statistics．For examp]e，when I and g曲 real-valued(三一1)， 

詈 三( (：二 ) ，⋯， 
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计 三( ( c⋯ 『， 
where白=theinteger part of叩  ，蛐‘isthe h order statistfo of蜘 ， ⋯ ， ，and the 

summation妇over all ，⋯，如 satisfying ≤由≤旬+西 j一1，⋯， ．However，七h扭 扭 

still not a convenient way for oomputing晶．We suggeS~the following approximation． 

For fixed n and卫，randomly select m subsets{ ，⋯，sm)from r and approximate 

by 

怠(m) 耆( 。 一击妻 ，)( 。 一 耋 ) ． (。．2) 
The following result shows the eonSistenoy of墨． 

Theorem 1． ASSume that is d~'erentJable in a neighborhood of and V 

oonfinuouS at and也at for eaoh ． ，捆continuous， ；exists in a neighborhood of 吣 

i七h ；( 2，)>O and招eontinuous at ． =1，⋯， ．If d i目吕e1eeted SOthat 

1／。／d 0 and d O， (2．3) 

then aS％ 。。，盈 oonverges to三in probability，i．e_， 

岛一，三． 

Note that磊 )i日random for given ．Let 2”be the probability eorrespondJng 
to the random seletion of ．Then we have 

Theorem 2． Assume the conditions in Theorem 1 and 

n<cm for a posltive ooⅡ ant (2．4) 

Then 

乜(m) 
iⅡ the SenSethatfor any s> O．明 n 。。， 

P(1 (m)一三 >8)一日[P ( 怠(m)一三0>8l卫)] o， 

where 0 ll i日the E11o1idmn norm ofa × matrix． 

Tho following resu]te are needed for the proofs of Theorem s 1 and 2．The proof of 

Le mma 1 i日目七r且ig f0rwBrd and is omitted．The proofs of other lemmaS are given in 

Section 3． 

Lemma 1． Let a,6 R．，‘一1，⋯ ，‰ Then forany integer d<n， 

吾 (i。一 )(_．一 )’一击 砉( i)(口一 )r， 
where 一 一 ∑m and_l—r一 ∑ f0r s∈Sr． 

~．em m a 2． I 缸，⋯ ，g bo i．i．d．from a distribution whiah妇 oo nttnuouSana 

s~rlotly increasing in a neighborhood of —Q@)(O<p<1)．For。∈Sr，let be七h· 

~mp]e 一quantile based on 鑫‘． ∈s．SuppoSe that d 0．Then 

maxl 。一 l—}0 B．目． 

Lemma 3． Let￡一 (互 )b。 —rooters whoso components are funetlon~of五 ． 

Suppose that aS 一}。。，there Br。~-veotor c and x matrix such ttmt 
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m ax I 

where}j 1 i目the Euol~desn norm，and 

静善[￡一 。 [ 。一 ]’ ．B． (2．5) 
If is afunotion from R e0R and j8 senti．nuous at c．then 

最  (￡)～ 蔫 @)] (釉一专羔 ( )] ，[ (c)]馏[ (。)]．(2．6) 
Furthermore，the result stLll holds ifⅣ and r in (2．5)--(2．6)a replaced by m and 

a rsndom 瓤mple{缸，⋯，s*】from ． 

Lemma I． Let缸 ---， be i．i．d．random Yeetors with l 1 <。。．Let —Var(~1)， 

一  

一  

∑ and三． r ∑ ，s∈ ．For given ．⋯，g ，let ，⋯，s be a random 

~sample from S ．Assume[2．3)一 [2．4)．Then 

壹( 一 喜t )( ，一 1鲁 ) 一 
Proofof Theorem 1． Let五‘。’一正(互 )be the rester of 8ampIe q n tiles based 0n 

~ample互 ．From Lemmas 2 and 3，We onIy need fo show 

{争善，( 一声) 丘j 一 · (2-7) 
Let F ( )．Then‰ nre i．i．d．with uniform distribution on【O，1]．Let and 

definedthe瓤m。 声 ’and应with％ rep]aeod by and and ，bethe eompone— 

nts of a)and ．Then 声H一 ( )and矗 一 )，where ( )一 ： )≥廿 i日 

~ontinuous]y diiferentiab]e at蛳 under the assum ptions on F 1．A further application 

of Lemmas 2 and 3 shows that(2．7 hoIds if 

罱  ( 一∞( ) 一， 
ⅥhDTe W equals V with F^j一1，⋯， ，replaced by the uuiforln d~trlbution funetion 

-on[0，1]．From Theorem 1 in Duftwei]er(1973)． 

一  + 一 ∑ ( 一工L ))_L 

wi七h 四【 { ]。一0(r一 2)．Let g 一 一工{ IJ‘ ． ， 一( Ⅱ，⋯，≈啦1．’。‘ 岛1 ⋯t 1 ． 

三 一 宝％ 一(丑 ，⋯，R路，⋯，丑摊 ⋯，盈 ∞ and豆一Ⅳ 暑R ’．Using Lemma 

1． 

名 一墨@ 一 ) 哪一 ) _一 + n+20 - 

whe A 一 一1)一 妻0一；)( 一D ， 一— 争蓦( 一百)(R 一再) and 舰t扫n皑 ‘
=，1 tE T 

lla 《‘≤II From 协8 law of large numbers．A -The result follows from for 

(i，j)and( )， 

l{争 一詈0(,r-s／2)一。( _)一。(1) 
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under0．3)． 

ProofofTheorem 2． UsingLomma 4
， tkI proof ofTh。0 m 2扭 simiI盯 t0让  0f 

Theorem 1． 

§3．Proof．of lemmas 

Proof of Lemma 2
． Let N be a neighborhood of suoh that (∞)i目o0ntinu0l】g 

8nd S~rlotly inereas ing on N 
． Then。 )一 —F( )is continuous and riotly deoreBsing 

onⅣ ·Le乇 一如 )：g∈Ⅳ )．Then。一 ( )is continuous 0]I A．For any 8>0 恤。re is 

8 6> 0 s~aoh th8 

f 一 f<8if f日( — ( )f—f ( )f<6． 
I be the empir~oal distribution based on‰ t一1，⋯ ， 8nd ( be 让 e em rio 

d r uti0n based On铂
， ∈s．For almog~8ll 虹， 。，⋯ ， t&ere i吕 an m 81】0h th目‘如r 

n>‰，q．-I<3／3，d／~<8／3 and I ～F <6／3．Then for a】1 s∈风． 

1。( a)I__1 一F( )1≤I F( )～ (a (丘。)卜 r— 

< ‘。)一 0 + 一 ≤II ”一 0 +I 一 iI + —i 

≤d／讹+I F 0 ÷ ～ <8． 

Thus，for alJ S∈S，_f 一 f<8 Th臼completes the proof． 

Proof of Lemma 8．Let = 一 ∑ ．From ％he nlean—value the0rem
． 

仔(亭。)一 (手) [1。 ( ，)] ( 一手j 

whel~ 。sat．isfying 。一 !『≤ff 一 Let R。一[ 0。)一vGQ)] ( 一手)＆n4 豆一 

Ⅳ ∑ 皿．Then 
●E吕r 

善 ．)一 罴 ( 。) ( )一 善 ( 。)]’ 
一 —  [ 辞( )]’ 。一 ) a一 )’[ ( )] 

+—子善，(皿一直)( 一豆) 

+ 等[ 辞( )] ( 一 )( 。一直)’． 
FT。 恤。∞ 蚵 of lv c 一 I≤2 —cl 以 V (})-' (o) 

and for any 8> 0． 

吾争墨研皿≤s。 争是 一 
when i8 suffio~enflylarge．Thus(2．6)followsfrom (2．5)．The proof for the鼬oond 

aaser％fon 招 the gam e． 

Proof of Lem ma 4． Lot 

m 一 告 聋(_I，一i)(i“一-)’ 
aDd 
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一-．m 耋_自．)(i—m 善m-‰)’． 
Then 

嵩}耋( 一去耋 )( 一 耋 ) = + +。 ， 
whore lcr坼 ≤l『 1． B Hencei七sufficesto showA and B ，0．Let E’and 

var be the conditional expectation and vBri＆Ⅱ∞ taken under ’for given ，⋯ ， ． 

By Lem ma 1一 

[ }耋( 一i)(i 一；) ]一面9％r (瓦一D'-。一 ) 一 L一妻( 一；)( 一j)’． 
Let be the(p， )t element of A ．Then 

vHr ( )≤(等)。 ， 一； 
From ％he result in Lehmann(1983，p．138)，r 口悸。一 =0(1)．Hence Var‘( 阳) ．o 

sJnee ／d2m— 0 under(2．3)--(2．4)．S．Lnoe( 一1)一1曼(≈一j)(‰一iI· + D，we hn 。 

*  ，
D ．Then the result follows from 

2(Bm)一E[E (Bm)]≤四[， 盖 一i)(is—j)Ij 

西 E E(z：一j) 一；) 一 D 0· 

§4．Some monte carlo results 

As an example，we examine the performanee of the jaekknife eatJmator and the 

confidence interval based 0II the jackknLfe"via a Monie Carlo study．We consider B two 

Sample problem： n 一1，⋯，竹，j一1，2，are independent and has dis~ribut~on F， 

for each{andj．Let bethemed~n of and岛 betheSamNe median besed on ， 

岳霉1，⋯，伸．The quantity of interest is the ratio口= ／ 2 and we e imate by 一 

／ ．1Jstng the proposed jaekknife method，we e~imate the var~nec of by Il (m)， 

where (m)is given by(2．2)，and obtain an approximate 9O为 eonfidenec interval 

for口： 

0 一[ 一1．645[＆(m)／ ／。， +1．645[2 (m)闸  ／ ]． (4．1) 

According to(2．3)，m select d=the integer part of ．For m，we select m=the 

integer part of ’as suggested in Shao(19871． 

In this example．we oonsider three different Sample sizes n一20．30 and 4O．For∞ h 

Sa m ple size，we consider two kinds of distributions 1 and 2： 

(a)Normal 0~se． 

i( )=西[0—1)／0．25]and 。0)一 [(t-2)／0．5]， 

where 姐 the standard normal dlstrlbu~iOn funotion． 

cb)Exponenti~l Oase． 

·aO9 0 
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10)一1—8 and l( )一1一d ， >O． 

In both ea sos．the true value of日 i8 0．5． 

The resultS in Table 1 i吕b＆∞d on 2000 Monte Carlo muI i0D目 W e snm mar]~ 

the Monte Carlo results 8目follows． 

f1)The confidence jn七erva1 CI given by(4 1)has very aoourate ooversg。prob 一 

bili~y even when is sma]l 8目20． 

)The varian0e eStimator 一 袁(竹善)is not a~ourate when ≤3o．n is better when 
礼--40．This indi0＆t明 that in this example the var~nco est~matlon problem requir0 

large sam ple gi∞ ． 

偿 From the good performance of aI，the selection of d and m are adequate· 

Table I． MoⅡ Carlo Approximations of the B~as,"Vairance and Coyerage Probability 
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D 一 “ 

基于子样分位数 和刀切法的统计推断 

壁 星 
(华东师范大学，上海 2{)0062) 

z ／ 

本文考虑对母体分位数之函数作统计推断的问题．子样分位数之函数的渐近 分布为正 

态．使用刀切法，我们给出了渐近分布的方差与协方差的估计量并建立了它们的一致性．这 

些结果提供了一些在渐近意义下正确的统计推断方法． 
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