NAHMRS 33 % Chinese Journal of Applied Probability and Statistics
F3W 20176 A Jun., 2017, Vol. 33, No. 3, pp. 257-266
doi: 10.3969/j.issn.1001-4268.2017.03.004

Exact Asymptotics in Complete Moment Convergence for

Record Times and the Associated Counting Process*

KONG LingTao DAI HongShuai*
(School of Statistics, Shandong University of Finance and Economics, Jinan, 250014, C’hma)

Abstract: Let {X,,n > 1} be a sequence of i.i.d. random variables with absolutely continuous
distribution function. Denote the record times and the associated counting process of {X,,n > 1}
by {L(n),n > 1} and {u(n),n > 1}, respectively. In this paper, we obtain the exact asymptotics
in complete moment convergence of {L(n),n > 1} and {u(n),n > 1}.
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§1. Introduction

Let {X, X,,;n € N} be a sequence of i.i.d. random variables with continuous distri-

n

bution function. And define the partial sum S, = >  Xi, n € N. It is well-known that,
k=1

given 0 < p < 2 and r > p,

S PTP([S,] = en!/P) <00, €>0, (1)

n=1

if and only if E|X|" < oo, and when r > 1, E[X] = 0. For r = 2 and p = 1, Hsu and
Robbins ! first proved the sufficiency. Later, Erdés 2.3] obtained the necessity. For the

special case r = p = 1, we refer to [4]. Baum and Katz 5] obtained the general case.
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Note that the sum in (1) tends to infinity as e \, 0. Hence finding the precise rate at
which this occurs becomes an interesting topic. In fact, it has been studied extensively.

[6]

For example, Heyde!® proved that

1im6200PSn>en:EX2,
lime® 3° (15, > en) = E[X?

if and only if E[X] = 0 and E[X?] < oo. For more information on this topic, we refer to
[7-12] and so on.

On the other hand, based on (1), another interesting topic is to study the complete
moment convergence. Let p > 1, a > 1/2, pa > 1 and E{|X|? + |X|In(1 + |X|)} < oc.
Under the assumption that E[X] = 0, Chow [ obtained that for any e > 0,

Zn(p Da— 2E{ max |S;j| — en® } < 00,
+

=1 1<j<n
where {z}+ = max{x,0}.

In this paper, the main aim is to study the exact asymptotics in complete moment
convergence for the record times and the associated counting process. Hence, we first
introduce the corresponding definitions.

Let {X, X,; n € N} be a sequence of i.i.d. random variables with absolutely contin-

uous distribution function. Set L(1) = 1, and recursively,
L(n) =min{k > L(n — 1) : Xy > Xp(,—1)}, n = 2.
We call {L(n),n > 1} as the record times of {X,,,n > 1}. The associated counting process
{p(n),n > 1} is defined by
p(n) = max{k : L(k) < n}.

Many results about {x(n)} have been established. For example, see [14-16] and so
on. Here, we should point out the recent results obtained by [17]. The results read as

follows.

Theorem 1 (i) Let r >0, then

(1 1 2
lim /€2 E (Intnn)" P{|M lnn|>evlnnlnlnlnn}:\/7.
r

e\ 2r
(i) When r =0, we have
1 o0

lim > P{|u(n) —Inn| > eVinnlnlnn} =2

N0 —Ine = 3nlnnlnlnn

and

lim € Z P{|x(n) —Inn| > eVinnlnlnlnn} = 1.

e\0 gnlnnlnlnn
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Motivated by the above results, we aim to investigate the exact asymptotics in com-
plete moment convergence for {L(n),n € N} and {u(n),n € N} in this work. The rest of
this paper is organized as follows. In Section 2, we list some basic facts about the record
times and the associated counting process. Furthermore, we obtain the exact asymptotics
in complete moment convergence for the associated counting process. Section 3 is devoted
to getting the exact asymptotics for the record times.

Throughout this paper, we use C' to denote an positive constant whose value may vary

from line to the next. The notation f(z) ~ g(z) means that f(z)/g(x) — 1 as x — oc.

§2. Exact Asymptotics for the Counting Process

In this section, we study the exact asymptotics for the counting process. In order to
reach our aim, we first recall some basic facts about the record times and the counting

process. Let

1, if X, is a record,

I, =
0, otherwise,

n
then u(n) = > Iy, n > 1. It follows from [15] that, as n — oo,
k=1

(i) my, =Ep(n) = kz: 1/k=Inn+~v+o(1),

(ii) Varp(n) = éa 1K)k =1lun+y —12/6 + o(1),
(i) p(n)/Inn — 1 as.,

(iv) [u(n) = Inn]/vinn - N(0,1),

(v) InL(n)/n — 1 as.,

(vi) (InL(n) = n)/v/n - N(0, 1),

where v = 0.577 - - - | is the Euler’s constant.

Now, we state the main results of this section. We have

Theorem 2 Given r > 0,

) 1 < (Inlnn) ! 1
1 E —1 —evVinnlinlnl = .
6\1‘315 —In(e2 — 2r) ngg n(lnn)3/2 {lu(n) = Innf = eVinnInkn nn}+ 21
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Theorem 3 When r = 0,

1 X 1
lim > - E{|lu(n) —Inn| — 6\/lnnlnlnn}Jr = 2E|N|, (2)

N0 —Ine ;=3 n(Inn)3/2Inlnn

and

& 1
lime? 3 E{lu(n) 1nn|—evlnnlnlnlnn}+:§E|N|3. (3)

N0 =g n(lnn) 3/21nlnn

Remark 4 Zang and Ful'®l established the exact asymptotics in complete moment
convergence for the counting process. However, they dealt with the case of large deviation,
i.e., Inn, and in this paper, we investigate the case of moderate deviation, i.e., vInnInlnn,
in (2), and the case of small deviation, i.e., VInnlnlnlnn, in Theorem 2 and the equaiton
(3).

Remark 5 When we checked the proof of this article, we found by chance that some
similar results were obtained by [19] and [20]. They used the truncated method to estimate
the remainder terms. However, in the proofs of our results, we mainly rely on the estimate

of A,,, which is given by Lemma 9.

In order to prove Theorem 2, we need some technical results. We have the following

propositions.

Proposition 6  Given r > 0, we have

—_

I i (Inlnn)™
im
ewzr —In(e? —2r) 15

E{|N| - e\/lnlnlnn}Jr

nlnn

T\ﬁ

Before we prove it, we need a technical lemma, which comes from [21].

Lemma 7 For large enough z,

2
U(z) = 2P(N > ) ~ e /2,
2mx

where ¥(x) = P(|N| > x) with N being the standard normal random variable.

Next, we prove the Proposition 6.

Proof of Proposition 6  For convenience, let

1 < (Inlnn) 1
=1 E{|N|—evVinlnl .
A @) & aln NI TV,
Note that
1 ®° (Inlnz)™t [
r= lim — / (Inhn =)™ / U(y)dydz. (4)
eNV2r 111( - 2T) 9 rlnz evVInlnlnz
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Let t = evInlnlnz. Then (4) is equivalent to

. 1 o 2t ri2 /e &
F= lim — Ze U (y)dydt
eNWV2r — IH(E - 2T) evVInlnln9 € t

1 e Y 2t 2,2
= lim ———5 / U(y) / et atd
eNV2r — ln(e - 2T) eVInlnln9 ev/InlnIn9 €

1 & 2.2
— lim / U(y ey /€ _erlnlnln9 dy
awar —rn(e? —2r) J mnmo 2 )
1 & 2.2
— lim / U (y)e /¢ 4y, 5
eNWV2r —rln(eQ - QT) evVIinlnln9 ( ) ( )
(5) and Lemma 7 imply that
1 & 2 2 2 /(9.2
P= lim — 1+ / o~ (=2 /22) gy
awzr —rin(e? —2r) Jo/mmme V2my

Let s = (¢2 — 2r)y?/(¢2Inln1n9). Then

1 >~ 1 1
= lim 7efslnln1n9/2d82 )
W2r —1V2m In(e? — 2r) /62% s /21

We complete the proof of Proposition 6. U

Proposition 8 Let

A(n) = ‘E{]u(n) —Inn|— evlnnlnlnlnn}+ — vlnnE{|N| — evlnlnlnn}

Nt
Then, for any r > 0,

o0 r—1
lim 1 (Inlnn)

A(n) = 0.
wzr —In(€ —2r) 1=y n(lnn)3/? "

In order to prove it, we also need a technical lemma. Before we state it, we first

introduce the following notation. For any z > 0, let

An:sgp P(]un—lnn\>x)—P<|N\> \/lflin)) (6)

Following [22], we have

Lemma 9

where A,, is defined by (6).



262 Chinese Journal of Applied Probability and Statistics Vol. 33

Next, we prove the Proposition 8.
Proof of Proposition 8 In order to prove the proposition, we only need to prove

that, for any r > 0,
< (Inlnn) !

2 nmn)® A(n) < oc.

For convenience, let
A= i (Inlnn)1
B n=9 n(ln n)3/2

A(n).

Note that
(Inl
A nnn32‘/ P(|u(n) — Inn| > z)dz
n= 9 7’L Inn / evVInninlnlnn
~Vinn P(IN| > dt‘.

Vinlnlnn

By using the change of variable u = z/v/Inn, we have

(Inl —1
A= (In Inn)” ‘/ nn‘ u+evlnlnlnn>

e 9 nlnn lnn

—P(IN| = u+6vlnlnlnn)]du’

< (Inlnn) 1 /OO‘ u(n) —lnn
—_— P ‘7’ = Vinlnl
n;g nnn ; ( e u+eVinln nn)
~P(IN| > u+ evinlnlnn) |du

< (Inlnn)"—*
= 5 (e

9 nlnn

N

(I + I2),

where
1/vV/ Ay _
Il:/o p(’“(n)ln:ln’>u+em>—P(|N|2u+e\/m)‘du
and
n)—Inn
I, = P7> Inlnl —P(|N| > Inlnl du.
) // An‘ (\ N | > u+evinlnlnn) - P(IN| > u+evinlnlnn)|du

By Lemma 9, we have

Note that

07 - %
Vinn

Thus, Lemma 7 implies that, as u — 400,
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and
PN| > u) < Ser2, (9)
u
On the other hand, we have
> 1 1
/ —e %2y < -, as y — +00. (10)
y U Y

Combining (8), (9) and (10), we get

/ Cor2gy < 0/An< —C (11)
1

I
2 N/ (ln n)1/4

N

Thus, by (7) and (11), we have

We complete the proof of Proposition 8. O

Remark 10 By (12), A is also finite when r < 0.

Now we stand at a point where we can prove the theorem 2.

Proof of Theorem 2 Theorem 2 follows from Propositions 6 and 8, and the
triangle inequality directly. O

Next, we prove Theorem 3. Similar to the proof of Theorem 2, in order to prove it,
we also need the following technical propositions.

Proposition 11

1 X 1
lim > E{|N| —e\/lnlnn}+ = 2E|N|, (13)

N0 —Ine Zsnlnninlnn

and
e 1

1
lime? Y —————E{|N| - eVInInl = —E|NJ>. 14
eurée n—onlnninlnn {‘ | —e nnnn}+ 3 Al (14)
Proof The proof of Proposition 11 is similar to that of Proposition 6. In fact, by
some calculations, we have

1 X 1
lim > E{|N| —e\/lnlnn}Jr

N0 —Ine Zsnlnninlnn

1 o 1 >
= lim / / U(y)dydx
N0 —Ine J3 xlhhrxlnlnz | e

2 o0
= lim / (Iny —Ine—Invinln3)¥(y)dy
N0 —Ine eVInln3

= 2E|N|,
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and

lime? 3 7E{|N| - ex/lnlnlnn}Jr

N0 p—gnlnninlnn

00 1 S
= lim 62/ / U(y)dydx
N0 9 xlhxlnlnz / /mmme

o0
1
= lim y*U(y)dy = ~E|N|?,
e\O eVInlnln9 3

where we used the fact that

2 o0
lim Iny¥(y)dy = 0.
eNO — Ine /ex/ln In3 Y (y) Y

We complete the proof of Proposition 11. O

Proposition 12 Let

n) = |E{|p(n) — Inn| — e\/lnnhﬂlnn}Jr = ME{|N\ - evlnlnn}Jr‘.

Then
1 & 1
li B(n) = 0.
&0 —Ine ngg n(lnn)3/2Inlnn ()

Proposition 12 can be proved in the same way as the proof of Proposition 8. We omit
the details here.

Next, we prove Theorem 3.

Proof of Theorem 3 It follows from (13), Proposition 12 and the triangle inequal-
ity that (2) holds. On the other hand, by (14), Remark 10 and the triangle inequality, we
obtain (3). The proof of Theorem 3 is finished. O

§3. Exact Asymptotics for the Record Times

In this section, we study the precise asymptotics for the record times {L(n) : n € N}.
The following results for record times can be proved in the same way as the proof of
Theorem 2 with the estimate given by Theorem 4 in [22].

Theorem 13 Given § > —1 and p > 0, we have

E| N [Po+p+1
p(6+1)(pd+p+1)

l{%ep(‘sﬂ Z n‘sE{\ InL(n) —n|— enl/p+1/2}+ =

Theorem 14 Given § > —1, we have

E|N|25+3
E{|1 L fn|f6vnlnn}+:m.

In n
i 206+ =
El\r(% ‘ ngg n3/2
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Theorem 15 Given § > 0, we have

) 1 < (Inn)°t
1
Vs (@2

1
E{|InL(n) — n| - ex/nlnlnn}+ = oz
™

Remark 16 Theorem 13 deals with the exact asymptotics in complete moment con-

vergence of large deviation for {L(n),n > 1}, while Theorems 14 and 15 consider the mod-

erate deviation and small deviation, respectively.

and

1]

[11]

[12]

[13]
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